EQUIVARIANT ALGEBRAIC COBORDISM AND DOUBLE POINT 

RELATIONS 



C. L. LIU 

Abstract. For a reductive connected group or a finite group over a field of characteristic 
zero, we define an equi variant algebraic cobordism theory by a generalized version of the 
double point relation of Levine-Pandharipande. We prove basic properties and the well- 
definedness of a canonical fixed point map. We also find explicit generators of the algebraic 
cobordism ring of the point when the group is finite abelian. 
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1. Introduction 

Cobordism is a deep and well-developed theory in topology. According to Thorn's defi- 
nition, two dimension d smooth oriented manifolds M, are said to be cobordant if there 
exists a dimension d + 1 smooth oriented manifold with boundary M U (—N) (Negative 
sign means opposite orientation). By definition, the set of all cobordism classes, with ad- 
dition given by disjoint union and multiplication given by product, is called the oriented 
bordism ring U^, (grading given by dimension). This ring was well-studied. For instance, 
Thom showed that the torsion free part can be described by f/* Q — Q[a^4fc | A: > 1]. In 
addition, Milnor and Wall showed that all torsion has order 2. The main technique involved 
was the use of the Thom spectrum which we will briefly explain below. 

Consider a S'0(n)-bundle E over a manifold X. Let D be the set of all vectors (fiberwise) 
with length < 1 and S be the set of all vectors with length 1. Then, the Thom space is 
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defined as the quotient space D/ S and denoted by T{E). Now consider the classifying space 
BSO{n) with universal 50(n)-bundle En- Denote the Thorn space T{En) by MSO{n). 
Notice that En x becomes a SO{n + l)-bundle over BSO{n) and hence induces the 
classifying map BSO{n) — > BSO{n + 1) and En x — )• En+i- Apply the Thom space 
construction on both sides of the second map, we get 

MSO{n) A 5^ ^ T{En x M^) ^ T{En+i) = MSO{n + 1). 

That defines the Thom spectrum MSO. We can then consider the homotopy groups of 

def 

MSO, namely -KkiMSO) = lim 7r„_|_fc(Af 5'0(n)). The importance of the Thom spectrum 

n 

comes from the isomorphism Uk — > TTk{MO) which is given by the Pontrjagin-Thom con- 
struction (see [St]). 

More generally, for a smooth oriented manifold X, we say two maps /i : Yi — > X and 
/2 : ^2 — X, where Yi,Y2 are both dimension d smooth oriented manifolds, are cobordant 
if there exists a map F : Z —?■ X such that Z is a dimension d + 1 smooth oriented 
manifold with boundary and F\qz = /i U (— /2) (Negative sign means opposite orientation 
on domain). The set of all cobordism classes with addition given by disjoint union is denoted 
by U^,{X) (grading given by dimension of the domain of the map). That is the oriented 
bordism group. 

Other than oriented bordism theory, there are other bordism (or cobordism) theories. 
For example, for a stably complex manifold X, we define 

MUk{X) '^^ lirn [52"+^ MU{n) A X] 

n 

and 

MU''{X) '^^ lim [5^"-^ A X, MU{n)\ 

n 

where MU{n) is the Thom space of the universal [/(n)-bundle over the classifying space 
BU{n). This way, one defines the complex bordism theory (given by MC/*(X)) and the 
complex cobordism theory (given by MU*{X)). Milnor showed [Milj that the complex 
bordism ring MU^ is just a polynomial ring T^x^k I ^ ^ 1] and M\J* = MU-^. 

Moreover, this complex cobordism theory is equipped with Chern classes and it leads to 
what is called the formal group law. More precisely, for each complex vector bundle E over 
X of rank r, there are Chern classes Cj(i?) € M[/^*(X) for \ <i <r associated to it (see 
|CoF| ). It turns out the complex cobordism group MC/* (CP°°) is given by the power series 
ring MC/*[[s]] and the tensor product map CP°° x CP°° CP°° will define a Hopf-algebra 
structure on M?7*(CP°°). Thus, we obtain a map 

MC/*[[s]] ^ MC/* (CP°°) ^ MC/* (CP°° X CP~) ^ M[/*(CP°°)®M;7*(CP~) ^ MC/*[[ii, v]]. 

Denote the image of s by F € M[/*[[n,f]]. Since CP°° is the classifying space for t/(l) and 
the elements s,n and v correspond to 01(0(1)), ci(O(l,0)) and 01(0(0,1)) respectively, we 
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obtain the following relation for any pairs of complex line bundles Li,L2 over X : 

ci(Li®L2) = F(ci(Li),ci(L2)) 

as elements inside MU*{X). This power series F is called a formal group law over MU* 
(see [Q]). 

Unfortunately, because of the lack of the notion of boundary in the category of algebraic 
varieties, an algebraic version of cobordism theory can not be defined in a similar manner. 
There is a naive approach which turns out to be unsuccessful. We may define two dimension 
d smooth projective varieties X, X' to be cobordant if there exists a morphism Y ^ ¥^ 
where y is a dimension d + 1 smooth projective variety such that X, X' are the fibers over 
0, 1 respectively. This approach was also addressed by M. Levine and F. Morel (see remark 
1.2.9 in |LeMoj for more detail). Consider the case when d = 1. Since the genus and the 
number of connected components are invariant under this concept of cobordism, we can not 
decompose a smooth genus g curve. Hence, the cobordism group of curves will be much 
bigger than Z, which is what we expect from the theory of complex cobordism. 

Nevertheless, in [LeMoj . Levine and Morel managed to define an algebraic cobordism 
theory O, which is an analog of the complex cobordism theory, in spite of the absence of 
notion of boundary. However, the definition is relatively complicated. Roughly speaking, if 
X is a separated scheme of finite type over the ground field k, then we consider elements of 
the form (f : Y X, Ci, . . . , Cr) where / is projective, Y is an irreducible smooth variety 
over k and the sheaves Ci are line bundles over Y (the order of Ci does not matter and 
the number r of line bundles can be zero). The dimension of (/ : Y — > X, Ci, . . . , Cj.) is 
defined to be dimy — r. There is a natural notion of isomorphism on elements of this form. 
Denote the free abelian group generated by isomorphism classes of elements of this form by 
2{X). Let [1{X) be the quotient of 2{X) by the subgroup corresponding to imposing the 
axioms (Dim) and (Sect) (following the notations in [LeMoj ). The algebraic cobordism 
group 0,{X) is defined to be the quotient of ^{X) (8)^ where L is the Lazard ring, by the 
L-submodule corresponding to imposing the formal group law (FGL). 

This cobordism theory satisfies a number of basic properties, (D1)-(D4), (A1)-(A8), 
(Dim), (Sect) and (FGL) (following the notation in [LeMoj ) . It also satisfies some more 
advanced properties, for example, the localization property and the homotopy invariance 
property. Moreover, the cobordism ring r2(Spec/c) will be isomorphic to the Lazard ring 
L when the characteristic of k is 0, which is what we expect from the complex cobordism 
theory (see Corollary 1.2.11 and Theorem 4.3.7 in (LeMoj ). 

One may wonder if it is possible to construct an algebraic cobordism theory via a more 
geometric approach. Suppose X is a smooth variety over k. We may consider the abelian 
group M{X)^ generated by isomorphism classes over X of projective morphisms f :Y ^ X 
where K is a smooth variety over k. The hope is that by imposing some reasonable relations, 
we will obtain an algebraic cobordism theory that also satisfies some previously mentioned 
properties. Such a construction was introduced by M. Levine and R. Pandharipande in 
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[LePj . A relation called "double point relation" was introduced and it was shown that the 
theory u obtained by imposing this relation is canonically isomorphic to the theory under 
the assumption that the characteristic of /c is (see Theorem 1 of jLePj ). 

More precisely, let </) : 1" — )■ X x be a projective morphism where Y is an equidimen- 
sional smooth variety over k. Consider the fibers for the composition Y ^ X y.¥^ — )• P^. 
Suppose the fiber 1^ is a smooth divisor on Y and the fiber Yq can be expressed as the 
union of two smooth divisors A, B such that A intersects B transversely. Then, the double 
point relation is 

\Yi:^Y ^ X] = [A^Y ^ X] + [B ^Y ^ X] 

- [¥{0®MAnB'^A)^ AnB^Y ^ X]. 

The objective of the current paper is to develop an algebraic cobordism theory of varieties 
with group action that assembles the theories of Levine-Morel and Levine-Pandharipande. 
For this, we go back to topology for inspiration. In topology, for a compact Lie group G, 
the concept of G-equivariant bordism was first studied by Conner and Floyd (see |Coj or 
[H]). In their approach, for a G-space X, we consider the set of maps Y ^ X where Y is 
a stable almost complex G-manifold. Define the notion of G-bordism similarly to form the 
geometric unitary bordism group of X, denoted by U^{X). Another approach was pursued 
by Tom Dieck [T]. Let — t- BU{n,G) be the universal unitary n-dimensional G-bundle 
and MU{n, G) be its Thom space. Then, the homotopy theoretic unitary G-bordism group 
of X is defined by 

MUg{X) =^ lim [ S^, MC/(dimc V -k,G)^X f 

and 

MUg^^{X) =^ lirn [S^ A S^, MC/(dimc V -k,G)^Xf 

where V runs through all unitary G-representations (see jT]). Inspired by the isomor- 
phism between the principal G-bordism group over a point and the oriented bordism group 
MSO{BG) (where EG BG is the universal G-bundle) when G is finite (see [Coj ). there 
is also a third G-equivariant bordism theory defined by the following equation : 

MU^^'^iX) =^ MU^{{X X EG)/G). 

In the case when X is a point, there are some maps relating the three theories. 

4 MC/f A MU^^^ 

The map a is given by the same Pontrjagin-Thom construction, but an inverse can not 
be constructed in the same manner due to the lack of transversality when there is group 
action. Indeed, the map a is never surjective (unless the group G is trivial) because there 
are non-trivial elements in the negative degrees of MU^. However, the injectivity of the 
map a was shown by Loffier and Comezana when G is abelian (see |Lo| and |Ma| ). On the 
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other hand, when G is abehan, the map b identifies the J-adic completion of MUf, where 
/ is the augmentation ideal, to MU^'^ (see [GrMaj ) . 

There are some computational results on diff'erent versions of equivariant bordism ring. 
In |Ko| . Kosniowski gave a list of G-spaces which multiplicatively generate the geometric 
unitary bordism ring over MC/* when G is a cyclic group of prime order. When G is 
an abelian compact Lie group, Sinha gave a list of elements and relations that describe the 
structure of the homotopy theoretic unitary bordism ring MU^ as a MC/^-algebra (see [51] ). 
bmce can be identified with the I-adic completion of MU^ when G is abelian, we 

also obtain the structure of MUf'^. 

Following this pattern, we can expect to also have several different approaches to equi- 
variant algebraic cobordism theory. In order to define an analog of the homotopy theoretic 
bordism theory MU^ in the algebraic geometry setup, one possible way is through Vo- 
evodsky's machinery of A^-homotopy theory (see |MoVj ). A (non-equivariant) algebraic 
cobordism theory defined this way is discussed in [V], but, to our knowledge, an equivariant 
version of this has not yet been considered. 

To define an analog of the theory MU^'^, one can employ Totaro's approximation of EG. 
In [EGj . Edidin and Graham successfully defined an equivariant Chow ring following this 
line of thought. For a given dimension n algebraic space X with G-action and for a fixed 
integer i, pick a G-representation V and an invariant open set U inside such that G acts 
freely on U and the codimension oiV — U is larger than n — i. Then, X xU ^ {X x U) /G 
will be a principle G-bundle. Moreover, the Chow group ^i_|_dimy-dimG((^ x U)/G) is 
indeed independent of the choice of the pair {V^U). Hence, the equivariant Chow group 
Af{X) is defined to be ^i+dimy-dimG((^ x U)/G). 

Unfortunately, since the independence of choice relies on the fact that the negative (coho- 
mological) degrees of Chow groups are always zero, i.e. A* = whenever z < 0, equivariant 
algebraic cobordism theory can not be defined in the exact same manner. One approach is 
by considering a whole system of good pairs {(y, U)} and define the equivariant algebraic 
cobordism group r2^(X) to be the inverse limit of 0*((X x U)/G) (see [HeLop] for more 
details). Another, possibly equivalent, approach was pursued by Krishna |Kr| . 

Aside from these two homotopical approaches, one can also define an equivariant algebraic 
cobordism theory analogously to the geometric bordism theory , namely by considering 
varieties with G-action and imposing the G-action also on the double point relation. Suppose 
G is an algebraic group over k and X is a smooth G- variety over k. This is what we do in 
this paper. We can consider the abelian group Mg{X)~^ generated by isomorphism classes 
of G-equivariant projective morphism f :Y ^ X where Y is also a smooth G- variety. For 
a morphism (/> : y — t- X x where y is a smooth G-variety, is equipped with the 
trivial action and (p is projective and G-equivariant satisfying the same conditions on the 
fibers 1^ and Yq as before, we impose the exact same equation with all objects involved 
equipped with their naturally inherited G-actions. Then, all morphisms involved will also 
be naturally equivariant. 
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For technical reasons, we focus on the case when the characteristic of k is zero and G is 
either a finite group or a connected reductive group. Observe that if there is a projective, 
G-equivariant morphism Y ^ X and smooth G-invariant divisors Y^, A, B onY satisfying 
the conditions in the double point relation, then 1^ is equivariantly linearly equivalent to 
A + B and Y^ + A + B is a reduced strict normal crossing divisor. Suppose we are given a 
smooth, G-invariant, very ample divisor C on Y. Due to the lack of transversality in the 
equivariant setting, the choice of the pairs of smooth G-invariant divisors A, B such that 
C A + B and A + B + C is a reduced strict normal crossing divisor may become seriously 
limited, if not impossible. To remedy this, it is preferable to impose a more general relation 
which we call generalized double point relation. 

More precisely, suppose X, Y are both smooth varieties with G-action and cj) -.Y ^ X is 
an equivariant projective morphism. Assume there are smooth invariant divisors Ai, . . . , A^, 
Bi, . . . , Bm on Y such that + • • • + An is equivariantly linearly equivalent to i?i + • • • + Bm 

and ^1 H + An + Bi + ■ ■ ■ + B m is a reduced strict normal crossing divisor. Then, the 

generalized double point relation GDPR{n, m) we will impose is of the form 

[Ai^Y ^ X] + [A2^Y ^ X]-\ \-[An^Y ^ X]+ extra terms 

= [Bi^Y ^ X] + [B2^Y X] + --- + [Bm.^Y ^ X]+ extra terms 

where the extra terms are of the form \F C ^ Y ^ X] such that G is the intersec- 
tion of some of the divisors Ai, . . . , An, Bi, . . . , Bm and P ^ G is an admissible tower 
(see subsection 16.31 for the definition). Denote the left hand side of the above equation 
by L((/>, Ai,... , An, Bi,... , Bm) and the right hand side by R{<j), Ai,... , An, Bi, . . . , Bm)- 
Hence, we define the (geometric) equivariant algebraic cobordism group, denoted by Uq{X), 
to be the quotient of Mg{X)'^ by the abelian subgroup generated by 

L{(t),Ai,...,An, Bi,...,Bm)- R{<j),Ai,...,An, Bi,...,Bm) 

for all equivariant projective morphisms (p -.Y X and all possible set of invariant divisors 
Ai, . . . , An, Bi, . . . , Bm satisfying the conditions described above. We conjecture that the 
generalized double point relation is indeed stronger than the double point relation (See 
Remark 16.231 in the text). 

An important observation is that the generalized double point relation actually holds in 
the non-equivariant theory u. In other words, our equivariant algebraic cobordism theory 
in the case when G is trivial coincides with the non-equivariant algebraic cobordism theory, 
i.e . U^^y{X) = u}{X) for all smooth varieties X. That means this theory Ug can be thought 
as a generalization of u. In addition, although the generalized double point relation may 
look tedious, it is actually easier to use because of the freedom of the number of divisors 
involved. 

Using this theory, we are able to define a "fixed-point map" which is similar to a well- 
known construction in topology. Recall the definition of the fixed point map in topology (see 
[T]). For simplicity, suppose G is a finite group of prime order p. Then, there are exactly 
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p non-isomorphic irreducible complex G-representations. Denote them by Vi, . . . , Vp. For 
a unitary G-manifold M, let be a component of the fixed point set M*^. The normal 
bundle of F inside M can be written as ffif^j^ Vi iS) Ni for some complex vector bundles 
Ni over F with no G-action. Compose the classifying map of Ni with the natural map 
BU{rank of Ni) — > BU. We get a map F BU which we will denote by /j. Thus, the 
fixed point map 

p 

^■.Uf ^^MU,{BU) 

i=l 

is given by sending [M] to the sum of 

{[fi:F^BU],...,[fp:F^BU]) 

over all components F. If we add up the elements [fi] and push them down to the bordism 
ring, we obtain a map 

p 

C/f ^^MU^BU) MU^{BU) MU^ 

i=l 

given by 

[M] ^ . . . , [fp]) ^ Y.^fi] ^ Y.^F] = p [M^]. 

F F,i F,i 

Assume the ground field k has characteristic as before. If the group G is finite, then 
the fixed point locus of any smooth variety over k is again smooth (Proposition 3.4 in [Ed]). 
The same statement also holds when G is reductive (by Proposition 17. ip . So, for a smooth 
variety X, we have an abelian group homomorphism from Mg{X)~^ to M[X^)~^ defined by 
sending \Y — )• X] to — )• X^], which we will also call fixed point map. One of our main 
results is the following Theorem (Corollarv 17.31 in the text) which can be considered as an 
analog of the topological fixed point map. 

Theorem 1. For any smooth G-variety X, sending \Y — t- X] to — t- X^] defines an 
abelian group homomorphism 

T : Ug{X) io{X^). 

We also managed to find a set of generators for the equivariant algebraic cobordism ring of 
the point Spec k when G is a finite abelian group with exponent e and k contains a primitive 
e-th root of unity. We can naturally embed the non-equivariant algebraic cobordism ring 

L ^ a;(Spec k) ^ U^^^ (Spec k) 

inside the equivariant algebraic cobordism ring Z//g(Spec/c) (by assigning trivial G-action) 
(see Corollarv 17. 4p . This construction provides Z//(^(Specfc) with a L-algebra structure. 
Then, the following Theorem describes a set of generators of Z//,^ (Spec /c) (see Theorem 16.221 
for more detail). 
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Theorem 2. Suppose G is a finite abelian group with exponent e and k contains a 
primitive e-th root of unity. Then, the equivariant algebraic cobordims ring UQ{Speck) is 
generated by the set of exceptional objects 

{En,H,H' \ n > and G ^ H ^ H'} 

and the set of admissible towers over Spec A; as a "L-algebra. 

Here is the definition of the exceptional objects. For an integer n > Q and a pair of 
subgroups G ^ H ^ H' , since G is abelian, we can write 

H/H' ^Hix-- - xHa 

where Hi is a cyclic group of order p"^* for a prime pi. Define an (H / H')-action on 

Proj k[xo, ...,Xn,Vi,.. .,Va] 

by assigning Hi to act faithfully on k—span{vi} and trivially on other generators, for all 
1 < i < a. Then, the exceptional object is defined as, with the natural G-action, 

En,H,H' G/H X Proj k[xo, . . . ,Xn,Vi, . . . ,Va] / {v^^ - gi, . . . , v^" - go) 

where gi ^ k[xQ, . . . , Xn] is homogeneous with degree p™'* such that En,H,H' is smooth with 
dimension n {[En^H,H'] £ ^(^(Spec/c) is independent of the choice of {gi})- 

Let us now give a brief outline of this paper. In section 2, we state some basic notions 
and assumptions we will be using throughout the paper. In section 3, we give the precise 
definition of generalized double point relation and also the definition of our equivariant 
algebraic cobordism theory Ug- We also show that the generalized double point relation 
holds in the non-equivariant theory u. Then, a number of basic properties, namely (Dl)- 
(D4) and (A1)-(A8) that does not involve the first Chern class operator, will be stated 
and proved. The last subsection will be devoted to the investigation of the case when the 
action is free. In this case, we show an isomorphism uj{X/G) = Uq{X). 

In section 4, we handle the (first) Chern class operator. We first define the notion of 
"nice" G-linearized invertible sheaves. Then, we define the Chern class operator c{C) for 
all such sheaves and prove the most important property of this operator : formal group 
law (FGL). Next, we extend the definition to arbitrary G-linearized invertible sheaves with 
stronger assumptions on G and k (in particular, G is a finite abelian group). 

In section 5, we will first prove the rest of the list of basic properties, i.e. (D1)-(D4) 
and (A1)-(A8) that involve the Chern class operator. Then, we will show the properties 
(Dim) and (FGL). 

The whole section 6 will be devoted to proving the Theorem about the set of generators 
of the equivariant cobordism ring UQ{Spec k) as a L-algebra. The first subsection in section 
6 will be dedicated to an interesting general technique which we will call splitting principle 
by blowing up along invariant smooth centers. Finally, in the last section, we will prove the 
well-definedness of the fixed point map, i.e. Theorem 17.21 
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2. Notations and assumptions 

Throughout this paper, we work over a field k with characteristic 0. We will denote by 
Sm the category of smooth quasi-projective schemes over k. We will often refer to this as 
varieties even though they do not have to be irreducible. The identity morphism will be 
denoted by Ix : X ^ X. The groups which act on varieties are either reductive connected 
groups or finite groups over k. So, they are always affine over Spec A;. We will often use the 
symbol vr^ to denote the structure morphism X — >■ Spec k and the symbol vrj to denote the 
projection of Xi x • ■ ■ x X„ onto its i-th. component Xj. 

As in |MuFoKi] , an action of a group scheme G on a variety X is by definition a morphism 
a : G X X ^ X such that 

1. The two morphisms a o (Iq x a) and o" o x Ix) from G x G x X to X agree, 
where : G x G — > G is the group law of G. 

2. The composition 

X ^ Speck xX^^GxX^X 

is equal to Ix, where e is the identity morphism. 
For any a € G and x G A, we will denote a{a, x) hy a ■ x, or simply ax if there is 
no confusion. We will say that the action is proper if the morphism G x A ^ A x A 
given by (a, x) i— )• (a • x, x) is proper. Similarly, we will say the action is free if the above 
map is a closed immersion. This notion is stronger than the notion "set-theoretically free" . 
According to Lemma 8 of [EGj . set-theoretically free and proper implies free. In the case 
when G is a finite group scheme, the two morphisms cr, 7r2 : G x A — )• A are both proper. 
That means the morphism G x A — )■ A x A above is proper. Hence, in this case, "set- 
theoretically free" is equivalent to free. Morphisms between G-varieties are always assumed 
to be G-equivariant unless specified otherwise. We will denote by G-Sm the category with 
objects in Sm with G action and 

Mov G-Sm{X, Y) = {f : X ^ Y \ f is G-equivariant}. 

If A is in G-Sm and £" is a locally free coherent sheaf on A with rank r, then a G- 
linearization of f is a collection of isomorphisms {4>a '■ Oi*£ ^ £ \ a ^ G} that satisfies the 
cocycle condition : 

4>al3 = 4>I3° W*(l)a), 

as isomorphisms from {a(3)*£ to £, for all a, P (z G. There is a natural definition of isomor- 
phism associated to it. The set of isomorphism classes of invertible sheaves on A with a 
G-linearization will be denoted by Pic'^(A). 
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Recall the definition of transversality from |LePj . For objects A,B,C € Sm and mor- 
phisms f : A C and g : B C, we say /, g are transverse if ^ Xc i? is smooth and for 
all irreducible components A' Q A and B' C B such that f{A'),g(B') are both contained 
in the same irreducible component C C C, we have either 

dim A' X B' = dim^' + dimS' - dimC" 

or A' Xqi B' = 0. If A, B are both subschemes of C, we say that A, B are transverse if the 
inclusion morphisms are transverse. If / : A — )• C and x is point in C, we say that x is a 
regular value of / if the inclusion morphism x ^ C and / are transverse. 

Also recall the definition of principal G-bundle from |EGj . A morphism f : X ^ Y is 
called a principal G-bundle if G acts on X, the morphism / is flat, surjective, G-equivariant 
for the trivial G-action on Y and the morphism 

G X X ^ X xy X, 

defined by {a,x) i-t- (a • x,x), is an isomorphism. 

If X, Y are two objects in G-Sm, then X xY is considered to be in G-Sm with G acting 
diagonally. 

For a morphism f : X Y and a point y (^Y, we denote the fiber product Spec k{y) xy 
X by f~^{y) where k{y) is the residue field of y and Spec k{y) Y is the morphism 
corresponding to y. Similarly, if Z is a subscheme of Y, then we denote Z Xy X by f~^{Z). 
If A, B are both subschemes of X, then we denote AxxBhyAoB. 

An object Y € G-Sm is called G-irreducible if there exists an irreducible component Y' 
of Y such that G-Y' = Y. 

For a locally free sheaf £ of rank r over a fc-scheme X, the corresponding vector bundle 
E over X will be given by 

E SpecSym <S^. 

The same applies on the case when X is a G-scheme over k and £ is G-linearized. 

3. Geometric equivariant algebraic cobordism Kg 

3.1. Preliminaries. Before digging into the equivariant algebraic cobordism theory, we 
need to understand more about G-invariant divisors and G-linearized invertible sheaves. 

Weil Divisors : 

Let X be a G-irreducible object in G-Sm. A G-invariant, G-irreducible reduced closed 
subscheme D <^ X with codimension 1 will be called a prime G-invariant Weil divisor. A 
G-invariant Weil divisor is a finite Z- linear combination of prime divisors, i.e. -D = ^ riiDi. 
A G-invariant Weil divisor D is called effective if rii are all non-negative. Let K, be the sheaf 
of total quotient rings of Ox, which has its natural G-action. We say that two G-invariant 
Weil divisors D' are G-equivariantly linearly equivalent, denoted hj D ^ D' , if there is 
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an element / G H^(X, /C*)*^ such that D — D' = div/ where div/ is defined in the usual 
way. 

Cartier Divisors : 

Similar to the definition of Cartier divisors in Ch II, section 6 in [Ha], a G-invariant 
Cartier divisor is an element in }1^{X,}C* /O*)^ . We say two G-invariant Cartier divisors 
D, D' axe G-equivariantly linearly equivalent \i D — D' is in the image of 

As usual, we will represent a G-invariant Cartier divisor by {(C/j, fi)} where is an open 
cover of X and fi E H'^(C/j, /C*). The (left) G-action on the sheaf K. (or the sheaf O) is given 
explicitly by 

{a.f){x) = f{a-^-x) 

for any f £ K. (or in O) and a € G. Then, the Cartier divisor D being G-invariant implies 

m,m = {{a-Ui,a- m 

as elements in Ii^{X,}C* /O*) for all a £ G. In other words, {a- fi)/ fj is a unit in C'(Q.c/i)nc/j 
for all Since X is smooth, we have a one-to-one correspondence between the set of G- 
invariant Weil divisors and the set of G-invariant Cartier divisors by the same construction 
as in |Haj . Moreover, the notion of G-equivariantly linearly equivalent is also preserved. 
Hence, from now on, we will use the two notions interchangeably. Furthermore, divisors are 
always assumed to be G-invariant unless specified otherwise and linear equivalence means 
G-equivariant linear equivalence. 

G-linearized invertible sheaves : 

For a given G-invariant divisor D on a smooth G- variety X, we can construct a G- 
linearized invertible sheaf naturally. We will denote it by Ox{D). Here is the construction. 

The underlying invertible sheaf structure is given by the natural definition as in Ch II, 
section 6 in [Ha] : if D is represented by {(C/j, fi)}., then we define Ox{D) by the following 
equation : 

Oxmu. = OuJr' 

for all i. 

The G-linearization of Ox{D) can be defined as the following. Consider the case when 
D is a prime G-invariant divisor. Then, it defines an ideal sheaf X which is naturally 
G-linearized. Then, the natural isomorphism Ox{—D) = X induces a G-linearization on 

def 

Ox{—D). Hence, we can define the G-linearization by taking the dual, namely, Ox{D) = 
Ox^—D)"^- In general, \i D = "^riiDi for some prime G-invariant divisors Di, then we 

define Ox{D) =^ (g) Ox(A)®"" ■ 

The G-linearization structure on Ox{D) can be explicitly given as the following. For a 
given a G G, we will define an isomorphism (j)^ ■ a*0{D) — t- 0{D). Let us consider the 
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restriction on C/j, the domain becomes 

{a*0{D))\u, = a*{0{D)Uud 

(further restricted on Uj fl alii) 

On the other hand, the codomain becomes Ou-f-^a-^Uj f^^ when restricted on Ui fl a^^Uj. 
Then, we define 

by sending a"^ • to (/j / (a"^ • fj)) ff^- Since 4>a\u^na-Wj is an identity map, (pa is 
weh-defined and is an isomorphism. 

We need to check the cocycle condition 

For simphcity, we wih denote Ox (or other base) by simply O. Notice that, by the above 
definition, (P^s : P*0{D) 0{D) corresponds to 0/3"i • /"^ ^ Of'^ and (pa ■ a*0{D) 
0{D) corresponds to O ■ f^^ OfJ^. So, the morphism I3*(pa : f3*a*0{D) ^*0{D) 
corresponds to ^ Of3-^-fj'\ On the other hand, (pafi : (a/3)*0(L») 0{D) 

corresponds to O I3~^a~^ ■ f^^ — )• Off^. Thus, the domains and codomains of (pa/s and 
0/3 o {P*4'a) are represented by the same generators and all the morphisms are identities. 
Hence, they commute. 

It remains to check its independence of the choice of representations {{Ui, fi)} of the 
Cartier divisor. In other words, if D is represented by {(f7i,/i)} where fi € Il'^(J7j, O*), 
then the G-linearized invertible sheaf it defined will be G-equivariantly isomorphic to the 
structure sheaf. To see this, we define a morphism from 0{D) to O by patching the 
morphisms Of~^ ^ O in which we send to f~^- Then, it is a well-defined isomorphism. 
The commutativity of the following diagram implies that this morphism is G-equivariant. 

Oa-^ ■ /ri > O 

I I 
Ofr^ > O 

This natural construction also takes G-equivariantly linearly equivalent divisors to iso- 
morphic G-linearized invertible sheaves, i.e. if / is in }i^{X,}C*)^ , then Of~^ ^ O by 
sending to 1. 

Unfortunately, we do not have the one-to-one correspondence between the set of G- 
invariant divisor classes and the set of isomorphism classes of G-linearized invertible sheaves. 
Here is a simple reason. If the G-action on X is trivial, then the G-action on any G-invariant 
divisor will be trivial too. Hence, the G-action on the line bundle corresponding to 0{D) 
must be trivial. But, there are certainly G-equivariant line bundles over X with non-trivial 
fiberwise G-actions. 
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The following are some basic properties of G-invariant divisors. 

Proposition 3.1. Suppose X,Y are objects in G-Sm. 

(1) If f : X ^ Y is a morphism in G-Sm and D is a G-invariant divisor on Y such 
that f*D is a G-invariant divisor on X, then f*0{D) = 0{f*D). 

(2) If D is a G-invariant divisor on X and Z is a closed subscheme of X such that 
Z n SuppZ) is empty, then Ox{D)\z = Oz- 

(3) If D is a G-invariant divisor on X, then Ox{D) — Ox if and only if D ^ 0. 

Proof. (1) Suppose D is represented by {{Ui,gi)}. Then, the G-invariant divisor f*D can 
be represented by {{f~^{Ui),f*gi)}. Thus, 

On the other hand, 0(/*£')|j-i([7.) = Oj-i(^ij-) f*g~^ . So they are isomorphic. The com- 
patibility of the G-action is easy to check. 

(2) Suppose D is represented by {{Ui,gi)} and i : Z ^ X is the closed immersion. 
Since Z n SuppZ) = 0, by refinement, we can assume Ui either has empty intersection with 
Z or, otherwise, gi is a unit in Ou-. Thus, i*D is a G-invariant divisor on Z and can be 
represented by {{Ui PI Z,gi\z)}, or simply {{Z, 1)} by the independence of representation. 
That means 

Ox{D)\z = Oz{i*D)^Oz. 

(3) As mentioned before, if D and D' are G-equivariantly linearly equivalent, then they 
define the same G-linearized invertible sheaf, i.e. Ox{D) = Ox{D')- So, it is enough to 
show if Ox{D) — Ox, then D ~ 0. Suppose D is represented by {{Ui,gi)}. Then, the 
isomorphism Ox Ox{D) over Ui is given by sending 1 to aig~^ for some aj G O^, . The 
fact that the isomorphism is globally defined implies that ai{gj/gi) = aj. Thus, 

=^^ = ^eHO(X,K;*). 
9i 9j 

Since aig~^ corresponds to 1, the G-action on h is trivial. Hence, the two G-invariant 
divisors {{Ui,gi)} and {([/j,aj)} are G-equivariantly linearly equivalent. The result then 
follows from the fact that Oj G Oj). . □ 

Remark 3.2. By property (3), we can consider the set of G-invariant divisor classes on X 
as a natural subgroup of V\c^{X). 

We will also use the following fact about projective bundles from time to time. 

Proposition 3.3. For an object X G G-Sm, suppose C is in Pic'^(X) and 8 is a G-linearized 
locally free sheaf of rank r over X. Then P(£^) and P(£^ (8) C) are naturally isomorphic as 
G-equivariant projective bundles over X. 
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Proof. First of all, we define a morphism from ¥(£ Cg> C) to ¥{£) without considering the 
group action. Let {Ui} be an open cover of X such that is trivial and C\ui — Ouji- 
Then, we define a morphism 

7 : £\ui £0 C\u, 
by e I— 7- e (8 • This induces a morphism 

f\ur-nS®^uJ = Proi Sym £ C\u^ ^ Pvoi Sym £\u, = n^luj- 

We claim that {f\ui} will patch together to form a morphism from ¥(£ C) to ¥{£) and it 
will be an isomorphism of projective bundles over X. 

Let fjf, ac be the transition functions of £ respectively from Ui to Uj. Then, we have 
cc{h) = a Ij for some a G 0^. and the transition function for £ C will be o"£: ® Then, 

(o-f (g) o-£) o 7(e) = {a£<^ac){e®li) 
= (7£{e) acik) 
= o"£-(e) a Ij 
= a{as{e)0lj). 

On the other hand, 

7 o as{e) = asie) Ij. 

If we consider ag{e) Ij and a ((T^(e) Ij) as elements in Sym £ then they agree, in 
homogeneous coordinates. Hence, {/Icf^} patch together to form a morphism /. Moreover, 
it is obviously an isomorphism and a projective bundle morphism. 

It remains to check if / is G-equivariant. The G- linearization on C is described by a 
set of isomorphisms {4>c,a ■ ct*C ^ £}. When restricted on Ui PI a~^Uj, 4>c,a defines an 
isomorphism from Olj to Oli. So, (l)c,a{^j) = bak for some ba € na-^u ' Similarly, if 
{'i^£,a} and {(t>e®c,a} defines the G-linearizations on £ and £ ® C respectively, then 

7 ° </'^,a(e) = 0£-,a(e) (8) k- 

On the other hand, 

(t^s®c,aOl{e) = (l>e®c,a{e®lj) 
= 4>e,a{e) ®hJi 

For the same reason, they agree in homogeneous coordinates and hence, / is G-equivariant. 

□ 
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3.2. Generalized double point relation. In |LePj (Definition 0.2), uj^,{X) is defined as 
the quotient of the free abehan group generated by symbols [f : Y X] where Y is an 
object in Sm and / is a projective morphism, by an equivalence relation called double point 
relation. More precisely, suppose Y € Sm is equidimensional and there is a projective 
morphism (f) : Y ^ X xF^ such that a closed point ^ € P"*^ is a regular value of 7r2 o (In 
other words, Y^ {tt2 o is a smooth divisor on Y), the fiber Yq = Au B for some 

smooth divisors A, B and yl + i? is a reduced strict normal crossing divisor. Then, the 
double point relation is 

[Ys-^Y ^ X] = [A^Y ^ X] + [B ^Y ^ X] 

- ^{O e 0{A)) ^ Ar\B ^Y ^ X]. 

In addition, in section 5.2 in |LePj . a relation called extended double point relation is 
also introduced. Suppose Y € Sm is equidimensional and there is a projective morphism 
(/) : y — )• X. In addition, we have divisors A, B, C on Y such that A + B + C is a reduced 
strict normal crossing divisor and C ^ A + B . Then, the extended double point relation is 

[C^Y ^ X] = [A^Y ^ X] + [B ^Y ^ X] 

- [F{0 e 0{A)) ^ AnB ^Y ^ X] 

+ [¥{0 e 0(1)) ^ ¥{0{-B) © 0(-C)) AnBnC ^Y ^ X] 

- [P(0 © 0{-B) © 0(-C)) ^ AnBnC ^Y ^ X]. 

On one hand, if we assume C does not intersect AuB, then this is the same as the double 
point relation. On the other hand. Lemma 5.2 in |LePj showed that the extended double 
point relation holds in the theory iv defined by the double point relation. In other words, 
the theory with double point relation imposed and the one with extended double point 
relation imposed are equivalent. One may then expect the existence of similar formulas 
when Yq = AiU A2U A3 in the double point relation setup, or when B Ai + A2 + A^ 
in the extended double point relation setup. Indeed, it is possible to write a formula for 
arbitrary number of divisors. For induction purpose, we will consider the extended double 
point relation setup. 

More precisely, suppose X is a separated scheme of finite type over k and (p : Y ^ X 
is a projective morphism with Y G Sm such that Y is equidimensional. Moreover, suppose 
there are divisors Ai, . . . , An, . . . , Bm on Y such that 

Ai + ---+Anr^ Bi + --- + Bm 

and Ai + ■■■ + An + Bi + ■■■ + B m is a reduced strict normal crossing divisor. Then, we 
expect a formula of the form 

[^1 -> X] H + [An ^ X]+ extra terms = [Bi ^ X] -\ h [Bm. ^ X] + extra terms. 

We will give such a formula inductively. For this purpose, we will consider the following. 
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Definition 3.4. Define a polynomial ring over Z : 

n'^ n{x,,Y,,ulv,'}] 

where i, j, k,l >1 and 1 < g < 3. 

Then, we define some elements in TZ inductively. 
Definition 3.5. Let E^, Ff 0. For n > 2, define 

— ^n-l - (^1 H ^ Xn-1 + E^_i)XnUn-i - XnF^_^ 

— + (-'^l H ^ -'^n-l + E^-l)^n{Un - U'^). 

Similarly, define , F^ by replacing X by y and J7 by F in E^ , F^ respectively, namely, 

+ y„_i + <_l)^nK-l - ynFLl 
+ Yn-l+El_^)Yn{V^-V^) 

for n > 2. Also, for n,m > 1, define the elements as the following : 

Gn,m — \- Xn + E^ + (Yi H h Ym)F^ + E^F^ . 

Finally, define by interchanging X and y in G^^, namely, 

Gn,m — Yl-\ +yn + + {Xl H h + E^F^ . 

For a projective morphism <j) : Y ^ X, such that y is equidimensional, and divisors 

Ai,. . . ,An, Bi,. . . ,B.m on Y such that H h A ~ ^i H h -Bm and H h 

^„ + Bi + ■ ■ ■ + Bm is a reduced strict normal crossing divisor, we define an abelian group 
homomorphism 

g :n^uj{X) 

as the following. 

First of all, any term with Xi such that i > n, or Yj such that j > m, or such that 
k > n, or V^'^ such that / > m will be sent to 0. (In fact, they have no effect on our formula. 
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This part of definition is just for formality.) Then, we send 

1 ^ [y ^x] 

Xi ^ [Ai^Y^X] 
y. ^ [B^^Y^X] 
ul ^ [P(0 e 0{D)) ^Y ^ X] 

where D Ai -\- ■ ■ ■ + Aj.. Denote it by [P^ — )■ X] for simphcity. 
C/| ^ [F{0(B0{1)) ^F{0{-Ak)(BO{-D)) ^Y ^ X] 

Denote it by [Pf X]. 
ul ^ [F{0®0{-Ak)®0{-D)) ^Y ^ X] 

Denote it by [P| X]. 
V,^ ^ [Ql^Y^X] 

where is defined in the same manner with divisors Bi and 

D = Bl^ VBi instead. 

Finally, for a general term Xi - ■ - Yj ■ ■ - U^ ■ ■ - Vl^ ■ ■ ■ , we send it to 

[Ai X y • • • Xy Bj Xy ■ ■ ■ X y • • • Xy Xy ■ ■ ■ Y ^ X]. 

Then, the generalized double point relation GDPR{n, m) is the equality : 

Remark 3.6. In order for the homomorphism Q to be well-defined, we need to check that, 
in general, the morphism 

Ai Xy ■ ■ ■ Xy Bj Xy ■ ■ ■ Xy Xy ■ ■ ■ Xy Qf Xy ■ ■ ■ Y ^ X 

is projective and its domain is smooth. Notice that 

) = [A^Xy- Xy Ai^X] = [A^ ^ X], 

which is projective and Ai is smooth. Since j4i + • • • + A„ + i?i + • • • + Bm is a reduced 
strict normal crossing divisor, the same is true for ty(term with X^, Yj only). In addition, 
the morphisms Pj^ — )■ Y and Ql ^ Y are both projective and smooth. That means 
Q -.TZ ^ uj{X) is well-defined. 

Observe that for any n,m > 1, the terms in or „ are always of the form 

where the powers for Xi, Yj are either or 1. In other words, self intersection will never 
happen in any GDPR{n,m). Moreover, 1 < i,k < n and 1 < j, / < m. In addition, 
SiGn,m), SiG^,n) are both in a;dimy~i(^)- 
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The generahzed double point relation is indeed a generalization of double point relation 
and extended double point relation. For example, if we apply the definition on the setup 
Ix -.Y = X ^ X with Ai + A2 ^ Bi, we get 

E2 = — X1X2UI 

= XiX2{Ui-Ul) 
Gil = Xi+X2 + E^ + YiF^ 

= X1+X2- X1X2UI + YiXiX2{U^ - Ul) 
GI2 = Yi 
Hence, the GDPR{2, 1) is the equality 

[Ai ^X] + [A2 ^ X] 

- [F{0 © 0(^1)) ^AinA2^X] 

+ [¥{0 © 0(1)) ^ W{0{-A2) © 0{-Ai - A2)) ^ BinAinA2^ X] 

- [¥{0 © 0{-A2) © 0{-Ai - A2)) BinAinA2^ X] 
= [Bi-^X], 

which is exactly the extended double point relation as Lemma 5.2 in [LePj . If we further 
assume that Bi is disjoint from Ai, A2, then we get 

[^1 ^X] + [A2 ^X]- [F{0 © 0(^1)) ^ ^1 n ^2 ^] = [Bi ^ X], 

which is the double point relation in |LePj (because MAinA2^A2 — OAinA2{^i))- 

Our first goal is to prove GDPR{n, m) holds in the theory cj. In other words, we will show 
that imposing the generalized double point relation is equivalent to imposing the double 
point relation. 

To be more precise, suppose X is a separated scheme of finite type over k and (j) :Y ^ X 
is a projective morphism such that Y G Sm is equidimensional. Moreover, suppose there 
are divisors Ai, . . . , An, Bi, . . . , Bm on Y such that Ai + ■ ■ ■ + An ~ i?i + • • • + Bm and 
Ai + ■ ■ ■ + An + -Bi + • • • + Bm is a reduced strict normal crossing divisor. We want to show 

^(C^V) = GiG 

where Q :TZ ^ ^{^) is the corresponding group homomorphism. 

First of all, observe that Q{Gn^m) = (k* ° G'{Gn^rn) where Q' is the map defined by the 
setup 1 -.Y ^ Y with the same set of divisors on Y . Similarly, Q{G^ ,^) = (p^ o Q'{G^^n)- 
Hence, we reduce to the case when (p = Ix- In particular, we may assume X is in Sm and 
is equidimensional. 

Recall that in |LePj . suppose X is a separated scheme of finite type over k and C is an 
invertible sheaf over X. There is a corresponding operator ci{C) € End(tj(X)) which is 
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called the first Chern class operator. For simplicity, we will denote it by c{C) and call it 
Chern class operator for the rest of this paper. 

We are going to prove GDPR(n, m) by induction. For this purpose, we need to modify 
the definition of Q. Suppose X S Sm is equidimensional and there are divisors Ai, . . . , An, 
Bi, . . . , Bm on X such that Ai + ■ ■ ■ + An ~ Bi + ■ ■ ■ + Bm- Then, we define a ring 
homomorphism Q : TZ ^ Knd {uj{X)) by 

Xi ^ c{0{Ai)) 
Y, ^ c{0{B,)) 

where Pa : ^ X 

where qh : Q\ ^ X 

\i 1 < i,k < n and 1 < j,l < m (The morphisms Pa^,, Pa, Qb*, qI are all well-defined because 
Pa, Qb are both smooth and projective.). Otherwise, send them to zero. 

For well-definedness of ^, we need to check the commutativity of some endomorphisms. 
Axiom (A5) in w implies that c{jC)c{C') = c{C')c{C). In addition, for p : P^ ^ X, we have 

c{C)p*p* = p*c{p*C)p* = p*p*c{C) 

def 

and same for q. For the commutativity between p^p* and {p')*{p')* where p : P = P^ — > X 
and p' : P' P^, — )■ X, consider the following commutative diagram : 

P XX P' P 
P' X 

By axiom (A2) in u, 

p*p*{p')*{p'T = p*p'*p*{p')* = ip')*p*p'*p* = {p')*ip')*p*p*- 

The commutativity between q and q' , p and q follow from similar arguments. Hence, the 
ring homomorphism Q -.IZ ^ End {uj{X)) is well-defined. 

The statement we are going to prove is Q{Gnm) — S{Gl^n) as elements in End{uj{X)). 
Notice that we do not assume -|- • • • -|- -|- i?i -|- ■ • ■ -|- Bm to be a reduced strict normal 
crossing divisor in the setup anymore. Moreover, if Ai is a smooth divisor, then 

g{Xi)[Ix] = ciOiAi))[Ix] = [Ai ^ X] 

by the (Sect) axiom in |LePj . So, the statement corresponding to this modified G is actually 
stronger than what we aimed to prove at the beginning (we will make this more precise 
later). For simplicity, we will still call this statement GDPR{n,m) within this proof. 
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Here is the outline of the proof. We will prove that GDPR{n, m) holds by assuming 
GDPR{n, 1). Then, for n > 3, we wih prove GDPR{n, 1) by assuming GDPR{n - 1, 1) 
and GDPR{2, 1). Thus, we reduce the proof of GDPR{n, m) to the proof of GDPR{2, 1), 
which is essentially the extended double point relation in |LePj . But since the definition of 
G is modified, GDPR{2, 1) becomes a stronger statement. Hence, there is still some works 
needed to be done. 

Suppose GDPR{n, 1) holds. Then, for a given equidimensional X G Sm and divisors 

de / 

Ai, . . . , An, Bi, . . . , Bm on X, let C = Ai + ■ ■ ■ + An- Consider the setup corresponding to 
Ai + --- + Anr^ C. From GD P R{n, 1), we get g {G^ ^) = g{GU. That means, as elements 
in End(w(X)), 

c{o{c)) = g{x, + ... + Xn + E^) + g{F^^)c{o{c)). 

Similarly, by considering the setup C ~ -Bi + • • • + Bm, we get 

c{0{C)) = g'iY, + ... + Y„, + El) + g'{Fl)c{0{C)) 

with corresponding g' . 

Now, consider the map g" corresponding to the setup + • • • + An ~ -Bi + • • • + Bm- 
Then, by observing that g = g" on terms without Y or V and g' = g" on terms without 
X or U, we have 

c{0{C)) 

= g{x^ + ... + Xn + E;^) + g{F^)ciO{C)) 
= g"{Xi + ... + Xn + E^) + g"{F^) {g'{Y^ + 
= g"{Xi + ... + Xn + E^) + g"{F^) {g"{Y^ + 

= g"{Glm) + Q"{F^Fl)c{0{C)). 
On the other hand, 

c{0{G)) 

= g'{Y^ + ... + Yn, + El) + g'{Fl)c{0{C)) 
= g"{Gl^n) + G"{F^F^)c{0{C)). 

Then, the result follows from cancelling g" {Fn Fm)c{0{C)) on both sides. That means it 
is enough to show GDPR{n, 1). 

Assume it is true for n — 1 case and n = 2 case. Now, we start with a setup Ai + - ■ •+A„ ~ 

def def 

B. Let C = ^1 + • • • + An^i. Consider the setup C + An ^ B. Define a = pi^p\ and 



...+Ym + El) + g'{Fl)c{0{C))) 
... + Ym + El) + g"{Fl)c{0{C))) 
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pi : F{0(B0{C))^X 

P2 : F{0(BOil))^F{0{-An)®0{-B))^X 
P3 : F{0(BO{-An)®0{-B)) ^ X. 

Then, by GDPR{2, 1), we get 

(1) c{0{B)) = c{0{C)) + c{0{An)) 

- c{0{C))c{0{Ar,))a + c{0{B))c{0{C))c{0{Ar,))a' . 

By GDPR{n — 1, 1) corresponding to the setup Ai + ■ ■ ■ + An-i ^ C, we have Q'{G^_^ ^) = 
G'{GYn-i) where Q' is the corresponding ring homomorphism. That imphes 

(2) c{0{C)) = G'{X^ + ... + X„_i + Eti) + c{0{C))g'{F^_,). 

Now, consider the setup Ai + ■ ■ ■ -\- An ~ B and caU the corresponding ring homomorphism 
g. Then, Q = Q' on terms involving only Xj, U^, if 1 < i, /c < n — 1. Also, we have 

G{Xr,)=c{0{An)). 

For simplicity, we will drop the notation Q. Hence, as elements in End(a;(X)), 

= c{0{C)) +Xn- c{0{C))Xna + c{0{B))c{0{C))Xna' 

(by equation ([1])) 
= (Xi + • • • + Xn-l + E^_^ + c{0{C))F^_^) + Xn 

- XnO (Xi + • • • + Xn-l + E^_^ + c{0{G))F^_^) 

+ c{0{B))Xna' (Xi + • • • + Xn-i + E^_^ + c{0{C))F^_^) 

(by equation ([2])) 

= Xi + • • • + Xn-l + X„ 

(Xi + --- + X„_i+E,t_i)X„a 
+ c(0(S))a'X„(Xi + • • • + X„_i + 

+ c(0(C7))F„^„i - c{0{C))F^^,Xna + c{0{B))c{0{C))a' X^F^^, 
= Xi + --- + X„ 
+ {E^ + XnF^_,) 
+ c{OiB)){F^ - F^_,) 

+ c{OiC))F^_, - c{0{C))F^_^Xn<y + c{0{B))c{0{C)y X^F^,^. 

(by definition of E^ and and the fact that a = Q{Un_i) and cr' = Q{Un — U^)) 
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Notice that the last three terms are 

c{0{C))F^_, - c{0{C))F^^,X,,a + c(0(i?))c(0(C))a'X„F,f_i 
= {c{0{B)) -Xn + c{0{C))Xn<y - c{0{B))c{0{C))Xna') F^_, 
- c{0{C))F^^,X^a + c{0{B))c{0{C))a'X^F^_, 
(by equation ([1])) 



(c(0(i?))-X„)F,^ 



Hence, 



ciOiB)) = X, + --- + Xr, + E^ + X,,F^_,+c{0{B)){F^'^ -F^ 



n-l) 

X 



+ {c{0{B)) - Xn)F^_^ 
= Xi + --- + Xn + E^ + c{0{B))F^, 

which is exactly = Q{G^i). That means it is enough to show GDPR(2, 1). 

Suppose X G Sm is equidimensional and C, M are two invertible sheaves over X. Define 
an element H{C,M) G End(a;(X)) as the following : 

H{C,M) c{£) + c{M) - c{£)ciM)puPi* 

+ C{C)C{M)C{C ® M){P2,P2* - P3.P3*) - c{C M) 
where pi : P(0 e C) ^ X 

P2 : P(o e o(i)) ^ p(x^ e (£ M^) X 

P3 : P(0 ^M"" (BiC® ^ X 

Observe that if A, B, C are divisors on X such that A + ~ C, then 

H{Ox{A),Ox{B)) =^ g{Gl,) - g{GX^^) 

where Q is the ring homomorphism corresponding to the setup A + B ^ C . In other words, 
it is enough to show H{C,Ai) = for any equidimensional X S Sm and invertible sheaves 
C, M over X. For this purpose, we need the following two Lemmas. 

Lemma 3.7. Suppose f : X' ^ X is a morphism in Sm such that X , X' are both equidi- 
mensional and L, A4 are two invertible sheaves over X . 

1. If f is projective, then H{C,M)f^ = f^H{f*C, f*M). 

2. If f is smooth, then H{f*C, f*M)f* = f*H{C, M). 

Proof. 1. Axiom (A3) in u implies that c[C)f.^ = f.^c[f* C). For pi, consider the commu- 
tative diagram 

XX X' X' 

n if 
pi X 
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By axiom (A2), we have Pi^Pi*f^ = Pi^flpi* = f*PuPi* and the morphisms p[ are 
P^XxX' = ¥{0 (B f* C) ^ X' 

P^xxX' = ¥{0(B fM"^ (B nC^M^) ^ X'. 

2. Similarly, axiom (A4) implies that c{f*C)f* = f*c{C). For pi, we can consider the 
same diagram above and we get Pi^Pi* f* = Pi'^f'*Pi* = f*Pi*Pi*- D 

Lemma 3.8. Suppose X is a smooth k-scheme, L\, C2, oif^ invertible sheaves over 

~ def 

X and Li, L2, . . . , L„ are the corresponding line bundles over X. Let X = Li Xx L2 Xx 
■ ■ ■ Xx Ln and tt : X X be the projection. Then, there are canonically defined global 
sections Sj G ll^{X,'K*Ci) such that, for each i, the section Si will cut out a smooth divisor 
Di on X and Di + ■ ■ ■ + Dn is a reduced strict normal crossing divisor. 

Proof. Define Si : X ^ X Xx by {x,vi, . . . ,Vn) ^ {x,vi, . . . ,Vn,Vi). This is a canonically 

de f 

defined global section of iT*Ci. It cuts out the divisor Di = {{x,vi, . . . ,Vn) \ Vi = 0}. 
Moreover, the intersection of Di^ , ■ ■ ■ , is just {{x, vi, . . . , Vn) | = fjj = • • • = Vi. = 0}, 
which is smooth and has codimension j m. X. □ 

We are now ready to prove H{C, ^A) = 0. First of all, 

H{C, M)[f] = H{C, M)f, [I] = f,H{f*C, f*Mm. 

So, it is enough to consider the element [I]. Let Ci, C2, J-s be the invertible sheaves C, ^A, 
CiSi M respectively and vr : X ^ X as in Lemma 13.81 Then, we have 

TT*H{C,M)[I] = H{TT*C,TT*M)7r*[I\ = H{tt*£,tt*M)[I\. 

By the extended homotopy property in to, vr* : U}{X) — )■ uj{X) is an isomorphism. That 
means it is enough to prove H{C,M)\l] = when there are divisors A, B, C on X such 
that C = Ox{A), M = Ox{B), C ~ A + 5 and A + S + C is a reduced strict normal 
crossing divisor. In this case, 

H{C,M)[l] 

= c{0{A))[l] + c{0{B))[l] - c{0{A))c{0{B))PuPi[l] 

+ c{0{A))c{0{B))c{0{C)){p2,P2*-Pz.Pz*)[l]-c{0{C))[l] 

= [A^X] + [B^X]- pupi*c{0{A))c{0{B))[l] 

+ {P2.P2* - P3*P3*) c{OiA)) c{0{B)) c{0{C)) [I] -[C^X] 
(by (Sect) axiom in a;) 
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= [A^ X] + [B ^ X]-pi^pi*[AnB ^ X] 

+ {P2,P2* - P3.P3*)[A nBnc^x]-[c^x] 

(by (Sect) axiom) 
= [A^X] + [B^X]- [F{0 e 0{A)) -^AnB^X] 

+ [P(o e o(i)) ^ ¥{0{-B) e o(-C)) ^^nsnc-^x] 
- [P(o e o{-B) e o(-c)) ^ adbhc ^ x]-[c ^ x] 

= 

by the extended double point relation in [LeP] (Lemma 5.2). Hence, we proved the following 
Proposition. 

Proposition 3.9. Suppose X G Sm is equidimensional and Ai, . . . , An, Bi,...,Bm are 

divisors on X such that Ai + ■ ■ ■ + An ~ i?i + • • • + B^- Let Q : TZ ^ End {uj{X)) he the 
corresponding map constructed before. Then, G{Gnm) — Gi^mn)- 

We can now apply this statement to prove that the generalized double point relation 
holds in u. 

Corollary 3.10. (Generalized double point relation holds in u) 

Suppose X is a separated scheme of finite type over k and there is a projective morphism 
(j) : Y ^ X such that Y is in Sm and is equidimensional. Moreover, suppose Ai,. . . ,An, 
Bi, . . . , Bm are divisors on Y such that Ai + ■ ■ ■ + An ~ Bi + ■ ■ ■ + Bm and Ai + ■ ■ ■ + 
An + i?i + • • • + Bm is a reduced strict normal crossing divisor. Let Q : TZ ^ ^{^) 
corresponding map constructed before. Then, Q{Gnni) — S{G^n)- 

Proof By definition, ^(G^„J = cf)^ o ^'(G^„J and ^(G^,„) = (p* o G'{G^,,^n) where G' is 
the map corresponding to the setup ly : y ^ y with the same set of divisors. So, we may 
assume (j) = lx- Then, it follows from the fact that 

Q{Gln^Wx\ 

(the modified definition G : TZ ^ End (ojiX))) 

(the original definition G '-TZ ^{^)) 
and similarly for „ . □ 

Remark 3.11. Notice that in the generalized double point relation setup (f) '.Y ^ X with 
Ai + ■ ■ ■ + An ^ Bi + ■ ■ ■ + Bm on y, we do not assume Ai or Bj to be nonempty. If G is 
the map corresponding to Ai + • • • + A„ ~ i?i + • • • + Bm and G' is the map corresponding 
to 

TV M 
Ai + --- + An+ Gi^ Bi + ■■■ + Bm+ Dj 

i=n+l j=m+l 
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Proof. Notice that if a general term X 
or m + 1 < j < M, then g'{Xi ■■■U^---) = 0. By definition 



in TZ contains Xi or Yj with n + 1 < i < 



Inductively, 
Similarly, 



E 



M 



Em 



E^^^ =E^ + ^ terms with Xn+i- 
- E^ + terms with Xi where n + 1 < z < A^. 

F^ + terms with where n + 1 < i < 

+ terms with Yj where m + 1 < j < M 
Em + terms with Yj where m + 1 < j < M. 

Xi + --- + Xn + E§ + {Yi + --- + Ym)E^ + eIjE^ 
= Xi + --- + Xn + E^ + {Yi + --- + Ym)E^ + EIE^ 
+ terms with Xi where n + 1 < i < N 

+ terms with 1^- where m + 1 < j < M 
= G^„^ + redundant terms. 

That means ^'(G^,,,) = g'iG^J = GiG^J. Similarly, G'iGl^r,) = ^'(C^.n) = ^(G^,n)- 

□ 



Hence, 



G 



3.3. Definition and basic properties. Now we will define our equivariant algebraic 
cobordism theory using the generalized double point relation. 

Definition 3.12. For an object X in G-Sm, let Mg{X) be the set of isomorphism classes 
over X of projective morphisms / : y — ?• X in G-Sm. Then, Mg{X) is a monoid under 
disjoint union of domains, i.e. 

[Y ^X] + [Y' X] =^ [YUY' ^X]. 

We define the abelian group Mg{X)~^ as the group completion of Mg{X). 

The i-th graded piece (cohomological grading) : (Mg(X)+)'', when X is equidimensional, 
is given by [Y — )> X] where Y is equidimensional and i = dimX — dimy. We also have 
homological grading MG{X)f where i denotes the dimension of Y, if Y is equidimensional. 
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Remark 3.13. The main reason for focusing on quasi-projective X instead of just separated 
scheme of finite type over k as in |LePj is because we will sometimes consider the quotient 
X/G and the operation of taking quotient works better in the quasi-projective category. 

Next, we will define the notion of equivariant generalized double point relation which is 
the equivariant analog of the generalized double point relation we just defined in section 
13.21 To be more precise, we will consider the following setup. 

Let : y — )> X be a projective morphism in G-Sm such that Y is equidimensional. In 
addition, Ai, . . . , An, Bi, . . . , are G- invariant divisors on Y such that Ai + ■ ■ ■ -\- An ~ 
Bi + ■ ■ ■ + Bm (G-equivariantly linearly equivalent) and Ai + ■ ■ ■ + An + Bi + ■ ■ ■ + Bm 
is a reduced strict normal crossing divisor. In this setup, we construct a corresponding 
abelian group homomorphism Q : TZ ^ Mg{X)~^ by the exact same definition as in section 
13.21 Notice that all objects involved are smooth varieties with natural G-action and all 
morphisms involved are naturally G-equivariant. We will call the collection (j) : Y ^ X 
together with the divisors as above a generalized double point relation setup over X, or 
GDPR setup. 

Definition 3.14. The equivariant algebraic cobordism group Uq{X) is defined as the quo- 
tient of Mg{X)^ by the subgroup generated by all expressions G{Gnm) ~ Q{G^n) where 
Q corresponds to some GDPR setup over X. 

Remark 3.15. As pointed out in remarks 13.61 \i (j) : Y ^ X \s the morphism defining 
then G{Gln,), a(G^,J both lie in Mg(X)+^ 

y_i- Hence, if X is equidimensional, we can 
define a homological (cohomological) grading on IAq{X), namely 

Ug{X) = Uh{X) = U^{X) 

i i 

where U^{X) is defined as the quotient of MG{X)f by the subgroup generated by all 
expressions Q{Gnm) — Q{G^n) such that Q corresponds to some GDPR setup over X 
where the dimension of the domain oi (j) \s i + Similarly, the group IAq{X) is the quotient 
of (Mg'(X)^)* with GDPR setups over X when the dimension of the domain of (j) is dimX — 
i + l. 

Generalized double point relation is a generalization of the double point relation in the 
equivariant configuration. 

Proposition 3.16. Suppose (j) -.Y ^ X is a projective morphism in G-Sm (with trivial 
G-action on F^) such that Y is equidimensional. Let ^ € P-^ be a closed point. Assume that 

the fiber Y^ =^ (vr2 o (0 is a smooth G-invariant divisor on Y and there exist smooth 
G-invariant divisors A, B onY such that Yq = Au B and A, B intersect transversely, then 

[Y^ X] = [A^ X] + [B ^ X]- [F{0 © 0{A)) ^AnB^X] 

as elements in IAq{X). 
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Proof. Since 1^ is disjoint from A, B and A, B intersect transversely, Y(^+ A+B is a reduced 
strict normal crossing divisor on Y . In addition, since has trivial G-action, 1^ ~ ^ + i?. 
That defines a generalized double point relation setup tti o cj) : Y ^ X with Y^ ~ A + B. 
Thus, we obtain the equality G{G 12) = Q{G^i) in Uq{X) which is exactly 

[Y^ ^ X] = [A^ X] + [B ^ X] - [¥{0 e 0{A)) ^ Ar\B^ X]. 

□ 

In |LePj ■ M. Levine and R. Pandharipande listed several natural axioms and properties 
that an algebraic cobordism theory should satisfy. Here, we will show the equivariant version 
of some of them. 

(Dl) li f : X ^ X' in G-Sm is projective, then there is an abelian group homomorphism 

U:U^{X)^U^{X'). 
Moreover, if /, g are both projective, then [g o f)^ = g* o /*• 

Proof. As in the theory of |LePj , the push- forward /* is given by sending [h : Y ^ X] to 
[f o h : Y ^ X']. We need to check that it preserves the generalized double point relation. 

Suppose a generalized double point relation on X is defined by a projective morphism 
(j) : Y X in G-Sm with Ai + ■ ■ ■ + An ~ Bi + ■ ■ ■ + B^. It defines a homomorphism 
G : TZ ^ Mg{X)~^. We can then consider the generalized double point relation on X' given 
by / o : y — ). X' with the same set of divisors. This will also define a homomorphism 
g' Mg{X')+. Thus, for a general term Xi ■ ■ -Yj ■ ■ -Ul ■ ■ -Vl^ ■ ■ ■ in 7^, 

f,og{X.r--YyUl---Vl'---) 

= f^[Ai ■ ■ ■ y-Y Bj y.Y ■ ■ ■ y-Y Pi ■ ■ ■ Ql > X\ 

= [^jXy---Xyi3jXy---XyP|'xy---XyQ^Xy---— )• X'] . 

On the other hand, 

G'{X,...YyUl..X---) 
= [^j Xy • • • Xy Xy • • • Xy Pi" Xy • • • Xy Xy • • • — > X — ^ X']. 

That implies f^oQ = Q' . In particular, o g{Gn,m) = S'{Gn,m) /* ° SiGm,n) = 
^'(G^ „), which means /*o^(G^m) = /*°^(G^rn,n) inZ//c.(X'). So, the group homomorphism 
f^, : U^{X) U^{X') is well-defined. Clearly, it preserves the homological grading and 
{9° f )*= 9*° f*- □ 

(D2) If / : X' — )> X in G-Sm is smooth such that X, X' are both equidimensional, then 
there is an abelian group homomorphism 

f*:U^{X)^U*G{X'). 
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Proof. Let [Y — )• X] be an element Uq{X), then we define the pull-back f*[Y — )■ X] as 
\Y Xx X' ^ X']. First of all, y Xx is a smooth variety with natural diagonal G-action 
and the morphism Y Xx X' ^ X' is projective and G-equivariant. 

Consider a GDPR setup over X given hy (p : Y ^ X with divisors Ai, . . . , An, Bi, . . . , Bm 
on Y and Q be the corresponding map. We have the following commutative diagram : 

Y' =^ Y xx X' — ^ Y 
X' — ^ X 

We obtain a generalized double point relation setup over X' given by cj)' : Y' ^ X' with 
divisors f'*Ai, . . . , f'*An, f'*Bi, . . . , f'*Bm on Y' . Let Q' be the corresponding homomor- 

phism. The smoothness of /' implies that f'*Ai -\ h f'*An + f'*Bi H h f'*Bm is stih a 

reduced strict normal crossing divisor. Observe that if = F{0®0{D)) is a G-equivariant 
projective bundle over Y, then P^ Xy Y' = F{0 © 0{f'*D)), as G-equivariant projective 
bundles over Y'. So, 

c?'(f/i) = [Pi xy Y' ^ y'] = riPl ^ y] = r o 

Similar statements with respect to and V^'^ also hold. For a general term, 

rog(x,...c/^..) 

= r[AiXY---XYP^XY---^X] 

= [{AiXy-XYPPxy-)XxX' ^X']. 

On the other hand, 

g'{x,---ui--) 

= [{Ai Xy Y') Xy/ • • • Xy/ (Pi* Xy y') Xy/ ^ X']. 

= PiXy-XyPPxyOxyy'^X']. 
= PiXy-XyP^'xy-)XxX'^X']. 

That shows the well-definedness of /* : Uq{X) —?■ Uq{X'). Since / is smooth, taking fiber 
product with f : X' ^ X preserves codimension. Thus, /* preserves the cohomological 
grading. □ 

(D3) In |LePj . there is a discussion of the first Chern class operator. This will be 
addressed in the next section. 

(D4) For each pair (X, X') of objects in G-Sm, there is a bilinear, graded pairing 

X : U^{X) X Uf{X') Ugj{X X X') 
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which is commutative, associative and admits a distinguished element 1 G Uq (Speck) as a 
unit. 

Proof. The definition is standard. We define 

[f :Y ^ X] x[f' :Y' ^ X'] [f x f : Y x Y' ^ X x X']. 

Suppose a GDPR setup over X is given hy (j) : Z ^ X with divisors Ai,...,An, 
Bi, . . . , Bm on Z and Q be the corresponding homomorphism. We need to show 

G{GlJ X [/' : Y' ^ X'] = g{Gl^J X [/' : Y' ^ X']. 

Without loss of generality, we may assume Y' is equidimensional. Consider the GDPR 
setup over X x X' given hy (f) x f : Z x Y' ^ X x X' with divisors vrfAi, . . . , 7rJ^„, 
Trjj'i?!, . . . , TT^B^rn oil ^ ^ Y'. Let G' be the corresponding homomorphism. 

Observe that if = F{Oz Oz{D)), then P^ x Y' = F{OzxY' © Ozxy'K^))- So, 

^'(C/i) = [P^ xr^XxX'] = [Pi ^ X] X [Y' ^ X'] = g{Ul) X [Y' ^ X']. 

Similar statements with respect to and Vj^ also hold. For a general term, 

[f]xg{x,...ul---) 

= [f]x[A,xz---xzPlxz---^X] 

= [{A^xz---xzPlxz---)xY' ^ XxX']. 

On the other hand, 

Q'{X,...Ul---) 

= [{A, X Y') Xz^Y' ■ ■ ■ ^z-^y {Pi X Y') ^zv^y > X x X'\. 

= [{A,xz---xzPlxz---)xY' ^XxX']. 

That shows the well-definedness of x. It is not hard to see that this product is graded, 
associative and commutative. The unit in Uq {Speck) is simply [I : Spec A: Spec A;]. □ 

Remark 3.17. We will refer to 

X : U^{X) X Uf{X') U^+j{X X X') 

as the external product. This external product gives (Speck) a graded ring structure 
and Uf{X) a graded W^(Spec fe)-module structure. In addition, if / : X ^ X' is a pro- 
jective morphism in G-Sm, then the push- forward /* : Uf{X) Uf{X') will be a graded 
i/^(Spec /i;)-module homomorphism. Similarly, if / : X — )> X' in G-Sm is smooth such that 
X, X' are equidimensional, then the pull-back /* : Uq{X') — )■ Uq{X) will be a graded 
ZYg,(Spec /c)-module homomorphism. 



The following two properties can be easily derived from the definitions, similarly to |LeP] . 
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(Al) U f : X ^ X' and g : X' X" are both smooth and X, X' , X" are all equidi- 
mensional, then 

(9°/)* = Toy*. 

Moreover, I* is the identity homomorphism. 

□ 

(A2) If / : X — )■ Z is projective and g : Y ^ Z is smooth such that X, Y, Z are all 
equidimensional, then we have g*/* = fig'* in the pull-back square 

X XzY X 



f'i if 

□ 



Y Z 



(A3), (A4), (A5) in [LePj are properties involving the Chern class operator. Hence, 
they will be addressed in the next section. 

(A6) If f,g are projective, then 

X o (/* X 9*) = if X g)* ox- 
Proof. Let f : X ^ X' and g : Z ^ Z' . The statement follows from the commutativity of 
the following diagram, which is easy to check. 

1((.{X) X U(.{Z) U(.{X X Z) 

f.X9*l i(/X3)* 

U(j{X') X Uq{Z') UciX' X Z') 

□ 

(A7) If f,g are smooth with equidimensional domains and codomains, then 

xo(r x5*) = (/xg)*ox. 

Proof. It follows from the commutativity of the previous diagram with vertical arrows re- 
versed. □ 



3.4. Results for free action. Before handling the definition of the first Chern class op- 
erator, let us mention some useful observations here first. 

Consider the set of objects Y E G-Sm such that the geometric quotient (definition 0.6 in 
[MuFoKi] ) Y/G exists as scheme over k, lies in Sm and the map Y Y/G is a principal 
G-bundle. Denote this set of objects by T>. Notice that if Y/ G exists and Y ^ Y/G \s a, 
principal G-bundle, then Y ^ Y/G \s locally trivial in the etale topology (see |EG| ) and 
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hence, Y is smooth if and only if Y/G is smooth (Proof in Proposition 13.18]) . Therefore, 
an object Y € G-Sm hes in T) if and only if Y/G exists, is quasi-projective over k and 
y — 7- y/G is a principal G-bundle. We will consider 2? as a full subcategory of G-Sm. 

Suppose X is a variety in V, it turns out that there is a one-to-one correspondence 
between morphisms Z — t- X/G in the category Sni and G-equivariant morphisms Y X in 
the category G-Sm. This important observation will lead us to the proof of the isomorphism 

oo{X/G) ^ Ug{X) 

for any X ^T). 

Throughout this paper, we will call going from X to X/G "descent" and going from X/G 
to X "ascent". 

Proposition 3.18. If f : Y X is a niorphism in G-Sm and X is in D, then Y is also 
in D. 

Proof. Recall that the group scheme G we are working with is either a reductive connected 
group over A; or a finite group. 

Consider the case when G is connected and reductive. Since Y is quasi-projective, the 
map Y X IS quasi-projective. Then, there exists an invertible sheaf C over Y (may not be 
G-linearized) which is very ample relative to X. By Theorem 1.6 in |Suj . since Y is normal, 

def 

there exists a positive integer m such that C"^ ( = C®^) admits a G-linearization. Then, 
by Proposition 7.1 in |MuFoKi] . we have the following commutative diagram in which Y/G 
is quasi-projective and Y — )• Y/G is a principal G-bundle. 

Y > X 

i i 

Y/G > X/G 

Since Y ^Y/G \s a, principal G-bundle, the morphism Y — ?• Y/G is locally trivial in the 
etale topology. That means that Y/G can be covered by etale neighborhoods W for which 
we have the following commutative diagram : 

W ^G Y 



W Y/G 

Hence, Y is smooth if and only if Y/G is smooth. 

For the case when G is finite, just replace by ®a&G oi* C □ 



The following is mostly a standard application of descent theory, but we need to make 
sure we preserve the smoothness and quasi-projectiveness assumptions. 
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Proposition 3.19. For any object X G T), 

(1) There is a one-to-one correspondence between the set of morphisms f : Z ^ X/G 
in Sm and the set of morphisms g -.Y ^ X in G-Sm, given by sending Z — ?• X/G 
to its fiber product with X — )■ X/G. Moreover, its inverse is given by sending 
Y ^ X to Y/G X/G. 

(2) The above map defines a one-to-one correspondence between the set of projective 
morphisms f : Z X/ G in Sm and the set of projective morphisms g -.Y X 
in G-Sm. 

(3) The above map defines a one-to-one correspondence between the set of vector 
bundles E' X/G and the set of G-equivariant vector bundles E ^ X. 

Proof. (1) For ascent, consider the following commutative diagram : 

Zxx/gX X 

i i 
Z — ^ X/G 

There is a natural G- action on Z ^x/G ^ ^'^^ 9 is G-equivariant. Since X,Z are quasi- 
projective, Z Xx/g^ is quasi-projective. 

Claim 1 : If X is an object in V, then the morphism X X/G is smooth. 
Since X — )• X/G is a principal G-bundle, it is flat and locally trivial in the etale topology. 
Thus, we have the following commutative diagram : 

W xG X 

I i 
W X/G 

Let j; be a point in X/G and K be the algebraic closure of k(x). Then, by taking fiber 
product with Specif — > Specfc(x), we have the following commutative diagram : 

WkxG Xk 

I i 
Wk SpecK 

Clearly, dirnXx = dimVF^ x G = dimG and Xk is regular. The claim then follows from 
Theorem 10.2 in Ch III in Ei]. A 



Since the morphism X X/G is smooth and Z is smooth, Z Xx/g is smooth. That 
shows the well-definedness of ascent. 

For descent, consider the following commutative diagram : 
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Y X 

I I 

Y/G ^ ~ ^'^) X/G 

By Proposition 13.181 Y is in T). So, Y/G is in Sm. The fact that these two constructions 
are inverse to each other is standard and follows from descent theory. 

(2) Ascent clearly preserves projectiveness. For descent, it follows from the descent of 
properness (Proposition 2 of [EGj ) and the fact that Y/G is quasi-projective. 

(3) Ascent clearly takes vector bundles to G-equivariant vector bundles. For descent, it 
follows from Lemma 1 of [EGj . □ 

We are now ready to prove the following Theorem. 

Theorem 3.20. Suppose X is an object in V. Sending [Z — X/G] to [Z Xx/G X ^ X] 
defines an ahelian group isomorphism 

^ : uj*{X/G) ^Ug{X). 

Proof. Define the inverse homomorphism '^^^ by sending \Y — ^ X\ to \Y/G — )■ X/G\. We 
win cah ^ "ascent" and "^'^ "descent". 

First of all, we need to prove that ^ is well-defined. By Proposition 13. 19] ^ is well-defined 
at the level of M{X/G)'^ . In this proof, we will denote the fiber product with X — ?> X/G by 

def 

a star, i.e. W* = W Xx/g ^- We also denote by vr : X ^ X/G the projection. Consider 
the following commutative diagram : 

Y* X xF^ 

i i 
Y X/G X 

where (j) corresponds to a double point relation setup over X/G (the fiber is a smooth 
divisor, Yq = Au B for some smooth divisors A, B and A, B intersect transversely). 

We want to show that (j)* gives an equivariant double point relation setup over X. Notice 
that Y* is in T) because X is in D (Proposition 13.18]) . So, Y* is smooth and the projection 
Y* ^ y is smooth (claim 1 in the proof of Proposition 13.19]) . Then, Y* is equidimensional, 
(y^)* = {Y*)^, A* and B* are G- invariant divisors on Y* , 

A*UB* = {A\J B)* = (Yo)* = {y*)Q 

and A* , B* intersect transversely. Clearly, <j)* is projective. Hence, that gives us an equi- 
variant double point relation setup over X. By Proposition 13.16] we obtain the following 
equation in Uq{X) : 

(3) [Y: ^X] = [A* ^X] + [B* ^X]- [¥{Od' Od- (A*)) ^ X] 
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where D'^= AnB. 

On the other hand, the double point relation on X/ G corresponding to (j) is 

[Y^ ^ X/G] = [A^ X/G] + [B^ X/G] - [¥{Od Od{A)) ^ X/G]. 

If we apply ^ on this equation, we will get 

(4) [Y^ ^X] = [A* ^X] + [B* ^X]- [F{Od © Od{A)) Xx/g X ^ X]. 
Since 

¥{Od®Od{A)) XxiaX ^nT^*{OD®OD{A)))^nOD* ®Od*{A*)), 

equations ^ and dH are equivalent. This finishes the first half of the proof : well-definedness 
of ^. 

It remains to show the well-definedness of the inverse By Proposition 13.191 it is 

well-defined at the level of Mq[X)^ . That means for a given GDPR setup (j) : Y ^ X 
with divisors ^i, . . . , A^, Bi, . . . , Bm. on Y and corresponding homomorphism Q, we need 
to show 

as elements in uj{X/G). 

First of all, y is in P (by Proposition I3.18"|) implies that Y/G is in Sm and is equidi- 
mensional. In addition, for all i, the G-invariant divisor Ai is in T>. So, Ai/G is in Sm. 
Moreover, dim Ai/G = dim^j — dimG implies that Ai/G is a smooth divisor on Y/G. By 
similar arguments, 

Ai/G +■■■+ An/G + Bi/G + ■■■ + BrrJG 

is a reduced strict normal crossing divisor on Y/G. On the other hand, by definition, there 
exists / G HO(y,/C*)^ such that 

Ai + --- + An-Bi = div /. 

By the fact that B^{Y, K.*)^ ^ H°(y/G, /C*), we can consider / as an element in H°(y/G, /C*) 
and deduce that 

Ai/G + ■■■ + AJG - Bi/G Bm/G = div/. 

By Proposition I3.19| (p/G : Y/G — > X/G is projective. Hence, we obtain a GDPR setup 
over X/G given by (p/G : Y/G X/G with divisors A^/G, . . . , A^/G, Bi/G, B^/G on 
Y/G. Let G' be the corresponding homomorphism. By Corollary 13.101 

m,n/ 

in uj{X/G). So, it will be enough to show Q' = o Q. We will need the following claim 
first. 
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Claim : For morphisms Z ^ X and Z' ^ X with X, Z, Z' G we have the following 
isomorphism : 

[Z XX Z')/G ^ Z/G Xx/G Z'/G. 

Notice that 

{Z/Gxx/gZ'/G)xx/gX ^ Z/Gxx/g{Z'/Gxx/gX) 

^ Z/Gxx/gZ' 

(by Proposition 13. 19p 
^ Z/Gxx/gX XX Z' 
^ Z XX Z' 

(by Proposition 13. 19p . 

Again, by Proposition 13. 191 we get 

Z/G Xx/G Z'/G - {{Z/G Xx/G Z'/G) Xx/g X) /G - {Z xx Z')/G. 
The proves the claim. A 

Consider a general term Xi ■ ■ ■ ■ ■ ■ in TZ. On one hand, 

g'{X,---Ul--) = [AJGxy/g---^y/g{PD'xy/g---^X/G] 

where {P^)' is the corresponding tower defined by {Ai/G}. 

On the other hand, 

^~^og{X,r--UP---) = ^-^[A, Xy ■ ■ ■ Xy Xy > X] 

where Pj! is the corresponding tower defined by {Ai} 
= [{Axy---xyPIxy---)/G^X/G] 
= [Ai/G xy/g--- xy/g Pl/G xy/g---^ X/G] 
(by the claim). 

Thus, it remains to show {P^)' — Pj!/G. Consider the case when p = 1. Let D be the 
divisor Ai + ■ ■ ■ + Af^. Then, we have 

{pI)'xy/gY = F{tt*{Oy/g®Oy/g{D/G))) 
^ ¥{Oy®Oy{D)) 

= Pi 

By Proposition Em we have {P^)' ^ P^/G. Similarly, {Pj!)' ^ Pj^/G for p = 2, 3. □ 

When X is an object in T>, there are some natural formulas relating the push-forward, 
pull-back and external product with their non-equivariant versions. 
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Proposition 3.21. Suppose f : X' X is a morphism in V. 

(1) // / is projective, then f /G is projective, we have push-forward 

if/G), : Lo{X'/G) ^ uj{X/G) 

and 

/. = o (//G), o 

as morphisms from Uq{X') to IAq{X). 

(2) /// is smooth and X, X' are both equidimensional, then f /G is smooth, we have 
pull-back 

if/G)* ■.oj{X/G)^u{X'/G) 

and 

f* = m o{f /G)* o^i-^ 
as morphisms from IAq{X) to IAq{X'). 

Proof. (1) First of all, f /G is projective by Proposition 13.191 Also, X/G, X' jG are both 
in Sm. Hence, the push-forward {f /G)^, : oj{X'/G) — t- uj{X/G) is well-defined. Moreover, 
by definition, 

m o (//G), o ^--1 [Y ^X'] = ^ o {f/G), [Y/G ^ X'/G] 

= ^ [Y/G X/G] 
= [Y/G>ix/GX^X] 

= [y^x]. 

(2) By the descent of smoothness (Proposition 2 of jEGj ). the morphism f /G is smooth. 
Also, X/G, X'/G G are both equidimensional. Hence, the pull-back (f/G)* : uj{X/G) — )• 
uj{X' /G) is well-defined. Moreover, 

^ o (//G)* o [y ^ X] = ^ o (//G)* [Y/G X/G] 

= ^ [Y/G xx/G X'/G ^ X'/G] 
= [y/G Xx/G X'/G Xx,/G X' ^ X'] 
= [y/Gxx/cX' ^X'] 
= [y/Gxx/cXxxX'^X'] 
= [YxxX'^X'] 
by Proposition 13.191 

□ 

There is a also similar formula for the external product, which is somewhat harder to 
state. We need some trivial facts first. 
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Let 7 : G — > be a group scheme homomorphism between the group schemes G, H. 
Then, for all X £ H-Sm, it induces a natural abelian group homomorphism 

by sending \Y — > X] with ff-actions to \Y — )• X] with G-actions via 7. This homomorphism 
obviously respects GDPR, so is well-defined. 

Denote the ascending homomorphism corresponding to G-action as '■ ijj{X/G) 
U^[X). 

Proposition 3.22. Suppose X, X' are two objects in D. Then, the external product 

X : Ug{X) X Ug{X') Ug{X X X') 
of the element (a, b) G Uq[X) x Uq{X') can be given by 

a X b = ^Gxci^G^a X ^Q^b) 
where A : G G x G is the diagonal morphism. 

Proof. Follows from the definition. □ 



4. The Chern class operator c(£) 

Suppose X is an object in G-Sm and C \s a G-linearized invertible sheaf over X. Our 
goal in this section is to define an abelian group homomorphism 

c{C):U^{X)^Uti{X) 

which satisfies some natural properties. 

Recall that in section 4 of |LePj . when £ is a globally generated invertible sheaf over a 
fe-scheme X G Sm, c{C) : tJ^{X) — > u}^-i{X) is defined as follow. Let [f : Y ^ X] he an 
element in u}{X) such that Y is irreducible. Since f*C is a globally generated invertible 
sheaf over Y, there is a smooth divisor H on Y such that Oy{H) = f*C. Then, we define 
c{C)[f : y ^ X] ^ y ^ X]. 

It is natural to try to give a similar version in our equivariant setting. However, since 
there is no assumption on how the group G acts on the scheme X, there is no guarantee 
that even a single non-zero invariant global section of C can be found. For example, if 
the action on X is transitive, then no matter how nice a G-linearized invertible sheaf C 
over X is, there is no invariant global section that cuts out an invariant divisor. Hence, 
c(/^)[I : X — > X] can not be defined in a similar manner. 
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Moreover, even if there is an invariant section cutting out a smooth invariant divisor, it 
may not be generic. For example, take G GL{2) and X with action 




def 



(a 



\ 



( 



\ 



b 
c d 
\0 1 

Consider the case when C = 0(1), which is naturally G-linearized. Then, there is only one 
invariant section s € }i^{X,C)'^ that cuts out an invariant divisor, namely s = z. In this 
case, for a projective map f -.Y ^ X, we can not define c{£.)[f -.Y—^Xjhy f*{s) because 
there is no reason to believe that Hf*g (the subscheme cut out by f*s) will be smooth, or 
even a divisor. So, it is important that the choice of section is generic. Indeed, we will 
see later that this freedom of choice is essential for the well-definedness of our Chern class 
operator. 



4.1. First approach. As pointed out in the subsection 13.41 the theory Ug works nicely 
in the subcategory V. Hence, our first approach is to restrict to this subcategory and 
define the Chern class operator. We first need a little lemma to ensure we stay inside the 
quasi-projective setup. 

Lemma 4.1. If X is quasi-projective over k and ir : E ^ X is a vector bundle, then E is 
quasi-projective over k. 

Proof. Consider P(£'^ © Ox) where £ is the locally free sheaf over X corresponding to E. 
Since P(£'^ © Ox) X is projective, the scheme P(£'^ © Ox) is quasi-projective. Then, E 
can be considered as an open set inside P(£'^ © Ox), hence is quasi-projective. □ 

Here is the natural definition of c{C) when X is in V. 

Definition 4.2. Suppose X is an object in V and £ is a sheaf in Pic*^(X). We define the 
Chern class operator c{C) : U^{X) U^_^{X) by 

c(£) =^ ^ o c(7r,£^) o 

where vr : X — >■ X/G is the quotient map and ^ : uj{X/G) Uq{X) is the ascent isomor- 
phism defined in subsection 13. 4i 

Since X is in T>, the sheaf ti^CP over XjG is invertible. Hence, the abelian group 
homomorphism c(t:^,CP) : uj^{X/G) — )■ uj^-i{X / G) is well-defined (see sections 4 and 9 in 
|LePj for more detail). 

Remark 4.3. For X and C € V\c^{X) such that C is globally generated by invariant 
sections, we can construct c{C)[f ■.Y^X]hy following the definitions of ^ and c{'k^C^). 

First, descend Y ^ X to get Y/G X/G. Then, (//G)*(7r*£^) wih be a globally gen- 
erated invertible sheaf over Y/G (A G-linearized invertible sheaf C being globally generated 
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by invariant sections is equivalent to t^^C^ being globally generated). Pick a global section 
s G H°(y/G, (//G)*(7r*£'^)) that cuts out a smooth divisor Hg on Y/G. Then, ascend 
Hs Y/G X/G to obtain [H^ Xx/g^ ^X]. Thus, 

c{C)[f :Y^X] = [Hs Xx/G X ^ X]. 

It can be seen that c{C)[f : Y ^ X] can also be obtained in the following way. Since 
C is globally generated by invariant sections, f*C is also globally generated by invariant 
sections. Pick a section s' G ll^{Y,f*C)'^ that cuts out an invariant smooth divisor Hgi on 
Y. Then, 

c{/:)[f:Y^X] = [H,,^Y^X]. 

Because of the natural isomorphism between Uq{X) and uj{X/G) when X is in D, we 
can now easily show the equivariant versions of some properties of the Chern class operator 
listed in [LeP] . namely (A3)-(A5), (A8), (Dim), etc. 

4.2. Second approach. Instead of imposing a restriction on X, we may impose a re- 
striction on C. Our second approach is to first define the notion of a "nice" G-linearized 
invertible sheaf. Then, we define the Chern class operator for "nice" sheaves C and extend 
this definition to more general G-linearized invertible sheaves through the formal group law. 

Before proceeding to describe this second approach, let us recall the definition of the 
formal group law and some basic properties. 

We denote the Lazard ring by L (see section 1.1 in |LeMoj ). Let {ajj} with i, j > and 
[hj) 7^ (0)0) tie the standard set of generators of the Lazard ring, i.e. L = Z[ajj]. Then, 
the formal group law F is the power series in L[[u,f]] : 

F{u, v) = aijU^v^ = u + V + UijU^v^ 

(see section 2.4.3 in |LeMoj ). To help our intuition, we will think of the formal group law 
as giving "addition" . By definition, we have 

F{u,0) = u. 
F{u,v) = F{v,u). 
F{u,F{v,w)) = F{F{u,v),w) 

and the relations on aij are the ones imposed by these equalities. 
Moreover, there is a power series x(^) ^ ^L,[[n]] that satisfies 

F(n,x(n)) =0. 

The power series x(^) can be regarded as giving the "inverse" of u. Hence, we can define 
"subtraction" by 

F {u,v) = F{u,x{v))- 
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For our purpose, we also need the notion of "multiplication by a positive integer" : 

F"(u) t/ F{u, F{u, ■ ■ ■ F{u, u)---)) 

(n — 1 times application of F) 

Finally, we will need the notion "division by a positive integer". For simplicity, denote 
L(8)z^[^] by L„. The Lazard's Theorem states that L is a polynomial algebra over integers 
with infinitely many generators (see [L]). In particular, L has no torsion and L ^ L„. 

Lemma 4.4. For all n > 1, there exists a power series in L„[[ti]], denoted by F^/^{u), such 
that 

Fi/"(F"(n)) = = u. 

Proof. Let F^{u) X]j>i OiU^ for some Oj € L. 
Claim : oi = n. 

We proceed by induction on n. Obviously, the claim is true for re = 1. Suppose the claim 
is true for re — 1. Notice that we can always ignore terms with degree of u greater than 1. 
Hence, 

= F{u,F''-\u)) 

= u + F^~^{u) + higher degree terms 
= 'u + (re-l)(n) + --- 
= nu + ■ ■ ■ . 

That proves the claim. A 

Let F^/'^{u) Yli>ibiU^ £ LniM] with coefficients {bi} yet to be determined. The 
equality we want is 

u = = biiaiu + a2U^ + •••) + Ham + aau^ + + . 

That gives us the following set of equations : 

1 = ^lOi 

= 6102 + b2al 

= 6103 + 6220102 + b^af, etc. 

Thus, we have bi = 1/ai = 1/re S L„. After are determined, we can define 

hi S L„ by the equation with respect to and the fact that the term corresponding to hi is 
just bia\ = n^bi. That gives us a power series F^/^{u) € L„[[n]] such that u = F^/'^{F^{u)). 
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To show the second equahty F"(F1/"('u)) = u, let = Yli>i Ciu\ Then, 

biu + b2U^--- = F^''\u) 

= F1/"(F"(F1/"(u))) 

i>l 

= 6i(ciii + C2U^H ) + 62(cin + C2M^ H )^ H . 

By comparing the coefficients, we obtain the following set of equations : 

61 = 61C1 

62 = 61C2 + h2c{ 

h = 61C3 + 622C1C2 + 63C?, etc. 

Since bi = the first equation implies ci = 1. Substituting ci = 1 into the second equation 
implies that C2 = 0. Inductively, q = for all i > 2. Hence, F"'{F^/"-{u)) = u. □ 

Remark 4.5. By examining the proof carefully, it can be shown that \iF^/'^{u) = ^,j>x biU^, 
then n*(*+^)/26j € L. 

As mentioned at the beginning of this subsection, we will start by defining the notion of 
a nice G-equivariant invertible sheaf. 

Definition 4.6. Suppose X is an object in G-Sm and £ is a sheaf in Pic'~'(X). We say 
that C is nice if there exists a morphism in G-Sm, ^/^ : X — ?> P" (with trivial G-action on 
P") such that C ^ Tp*0{l). 

Here are some basic properties. 

Lemma 4.7. Suppose X is an object in G-Sm. 

1. The structure sheaf Ox is nice. 

2. If the sheaves L, C G Pic*^(X) are both nice, then CJ is also nice. 

3. If f : X ^ Y is a morphism in G-Sm and L € Pic'^(y) is nice, then f*C is nice. 

Proof. 1. By considering the map -0 : X — > P'^ = Speck. 

2. Suppose we have two morphisms ^ : X — > P" and ip' : X ^ F'^ such that ij;*0{l) = C 
and 0'*C'(1) = C . Let ip" be the following composition : 

^ ^ p„ ^ p„ Segre^ 

Then, V"*C»(1) = C®C'. 

3. By definition. □ 

We will start with a definition of the Chern class operator which depends on ip. Suppose 
that £ is a sheaf in Pic*^(X) and there is a map ^ : X ^ such that ^*0{l) = C We 
would like to define c^{C)[f -.Y^X] as [Y xpn H ^ Y X] where H is a hyperplane in 
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such that Y Xpn H is a smooth invariant divisor on Y. Clearly, it is enough to consider 
the case when Y is G-irreducible. In what follows, we will show that this is well-defined, 
i.e. that such an H exists, that this element is independent of the choice of H and that the 
construction respects GDPR. 

Lemma 4.8. Denote the dual projective space P(H'^(P", 0(1))) by (P")*. Then, there is 
a non-empty open set U in (P")* such that for any section s in U , the closed suhscheme 

Y x-pn H C Y, where H is the hyperplane in P" cut out by the section s, is a smooth 
invariant divisor on Y . 

Proof. This is a variation of the Bertini's Theorem when chark = 0. We have f : Y ^ X 
and ip : X as above. Let "H be the analog of the universal Cartier divisor, i.e. 

H =^ { (y, s) I sii; o /(y)) = } C y x (P")*. 
Claim : H is smooth and of dimension diml" + n — 1. 

Let P" = Proj k[xo, . . . ,Xn] and (P")* = Proj /c[co, . . . , c„]. Let D{xi) be the affine 
open subscheme of P" given by Xj 7^ and similarly for D{ci). Also, let Spec A be an 
affine open subscheme of {ijj o f)~'^[D{xi)). Then, -0 o / is locally given by a map Spec A — > 
Spec k[x{)/xi, . . . , Xn/xj], which corresponds to sending the elements Xj/xi to some elements 
aj e A. So, the universal Cartier divisor % is locally given by the equation '^j^i{cj /ci)aj = 
inside Spec^ x D{ci). Hence, the claim is true. A 

Consider the projection % (P")*. For a section s € (P")*, the fiber is exactly Y Xfn H 
where H is the hyperplane cut out by s. Hence, the open set we want will be the set of 
regular values of this projection map. □ 

Lemma 4.9. Let s, s' be two sections in (P")*, cutting out H, H' respectively, such that 

Y Xpn H and Y x^n H' are both smooth invariant divisors on Y . Then we have 

[Y Xpn H ^X] = [Y Xpn H' X] 

as elements in Uq{X). 

Proof. Observe that H, H' are equivariantly linearly equivalent divisors on P". Thus, 

Y Xpn H = {ipO f)*H ~ (V' O f)*H' = Y Xpn H' 

as invariant divisors on Y. The result then follows from GDPR{1, 1). □ 

Lemma 4.10. Sending [Y X] to [Y x^nH ^ X] defines an abelian group homomorphism 
fromUf{X) toUtiiX). 

Proof. As before, let Q be the map corresponding to a GDPR setup Y ^ X with divisors 
Ai, . . . , An, Bi, . . . , Bm on Y. We need to show 
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For simplicity, we will denote X Xpn H hy Xjj. Consider the projective morphism Yjj — >■ 
Xh- By the freedom of choice of H, we may assume Xh is a smooth invariant divisor on X 
and the same for Yfj. In particular, Yfj, X}j are both in G-Sm and Yh is equidimensional. 
Similarly, we may assume the same property holds for Aijj and Bjjj and also, 

AlH + • • • + AnH + BiH + • • • + BmH 

is a reduced strict normal crossing divisor on Yh- Since the divisors are given by pull-back 
along Yh -^Y ,we have 

Mh + • • • + AnH ~ BiH + • • • + BmH- 

Thus, we can define a map Q' : IZ ^ Uq{Xh) by the GDPR setup Yh — > Xh with 
AiH + • • • + AnH BiH + • • • + BmH- So, it is enough to show 

where i : Xh ^ X. 

For a general term Xi - - - • • • , 

c^{C)og{X,---Ul---) = c^{C)\A,xy---xyPIxy---^X] 

= [{A,xy---xyPIxy---)h^X] 
= [AiH xy„-- - xy„ [PDh >Xh^ X]. 

Hence, it is enough to show {P^)fj is the same as the corresponding tower given by invariant 
divisors {A^h}- The p = 1 case follows from the fact that 

F{Oy e OYiD))H = nOy^ © Oyh{Dh)) 

and the p = 2,3 cases can be proved similarly. That shows the well-definedness of the 
homomorphism. The fact that it sends U^{X) to U^_i{X) is clear. □ 

Hence, we have the following definition. 

Definition 4.11. Suppose that £ is a sheaf in Pic'^(X) such that there exists an equivariant 
morphism -0 : X — )■ P" with 1^*0(1) = L. We define the Chern class operator c^{C) : 
U^{X)^Uti{X) by 

c^{C)[f -.Y ^X] =^ [Y x^nH ^Y ^ X] 

where is a hyperplane in F" such that y Xpn i7 is an invariant smooth divisor on Y . 

We definitely do not want the definition of the Chern class operator to depend on the 
particular morphism ^ : X — ?> P". 

Lemma 4.12. c^,{C) is independent ofip. 
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Proof. Suppose we have two equivariant morphisms ifji : X ^ P" and ^"2 ^ ^ ~^ IP™ such 
that ijjlO{l) = C = ijj^O{l). Consider the pull-back of sections 

V'l* :H°(P",0(1)) ^H°(X,/:). 

Then, the image of "01 will lie in ]i^{X, C)^ and the same for 11)2- Let {sii} be a /c-basis for 
H°(P",0(1)) and {S2j} be a A:-basis for HO(P",0(1)). Then, A:-span{0^sii, ^2^2^} wih 
be a finite dimensional vector space in H'^(X, In addition, it is base-point free. This 
defines an equivariant morphism ijj^ : X ^ P'^ which can be factored as X — )> P" ^ P^ or 
^ ^ pm ^ pAf. Also, il^lO{l) ^ C. Thus, it is enough to show c^^{C) = c^.,{C). 

Consider an element \Y X] in Uq{X). Pick a hyperplane C P^ such that P" n H 
is a hyperplane in P" (this is equivalent to P" Xpjv H being a smooth divisor on P") and 
Y is a smooth divisor on Y . Then, 

c^,{C)[Y^x] = [y xp„ (p" n i/)] 

= [Y xpiv H] 

= c^,{C)[Y^X]. 

□ 

Hence, for a nice G-linearized invertible sheaf C over X G G-Sm, we have a natural 
definition of the Chern class operator 

ciC):U^iX)^UtiiX). 

4.3. Special pull-back and the formal group law. Recall that in the theory in 
[LePj ■ we have the following property (Proposition 9.4 in |LePj ). 
For any X € Sm and invertible sheaves C, M over X, we have 

c{C(^M)=F{c{C),c{M)) 

as abelian group endomorphisms on oj{X) where F € L[[u, f]] = (^^(Spec A;)[[tt, u]] is the 
formal group law with uj{X) considered as a u;(Spec fc)-module by the external product. 
Since the Chern class operator always cuts down the dimension of the domain by one, 
F{c{C), c{M)) indeed acts as a finite sum on any given element in uj{X). 

We will follow the notation in |LePj and denote this property by (FGL). Our objective in 
this subsection is to prove it holds in our equivariant setting, when all G-linearized invertible 
sheaves involved are nice. First of all, we will need some basic facts. 

Proposition 4.13. Suppose f : Y ^ X is a morphism in G-Sm. Then, there exists a 
G -representation V and an equivariant immersion i :Y ^ ¥{V) x X such that f = tt2 ° i- 
If we further assume f to be projective, then i will be a closed immersion. 
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Proof. First, assume that G is reductive and connected. Since Y is quasi-projective, there 

def 

exists an (not necessarily equivariant) immersion iQ : Y ^ F". Define C = iQO{l) as an 
(not necessarily G-linearized) invertible sheaf over Y. By Theorem 1.6 in |Suj . there exists 
an integer m such that is G-linearizable. Fix a G- linearization of C"^. Since we have 
a G-linearized very ample invertible sheaf C over Y, by Proposition 1.7 in [MuFoKi] . there 
exists an equivariant immersion ii : Y ^ ¥{V) for some G-representation V such that 
z^O(l) = C"^. Then, the map ii x f : Y ^ ¥{V) x X will be the equivariant immersion we 
want. 

Now assume that G is finite. As above, C = 1^0(1) is a very ample invertible sheaf over 
Y. Then, ^aeG Q;*>C will be a G-linearized very ample invertible sheaf over Y, which gives 
us the equivariant immersion ii. 

If / is projective, then the image of i = zi x / will be a closed subscheme of ¥{V) x X. □ 

Suppose X is a scheme over k and [/ is a subscheme of X. We will denote the closure of 
[/ in X by clos^f^- Also denote the singular locus of X by Sing(X). 

Proposition 4.14. (Equivariant immersion with smooth closure) 

(1) IfY is an object in G-Sm, then there exists a G-representation V where Y can 
be equivariantly embedded into ¥{V) such that its closure is smooth. 

(2) Suppose X , Y are objects in G-Sm and U ^ X is an invariant open subscheme. 
If a morphism f : Y ^ U in G-Sm is equivariant and projective, then there 
exists a G-representation V , an equivariant closed immersion i '.Y ^ U x ¥{V) 
such that f = TTio i, and c\osxx¥{vy^ smooth. 

Proof. (1) By Proposition 14.131 we may assume there exists an equivariant immersion 
Y ^ P(y) for some G-representation V' . By the canonical resolution of singularities 
(Theorem 1.6 in jBiMij ). for any variety Z over k (chark = 0), there exists a smooth variety 
Z^^* and a morphism Z^'^^ — )■ Z which is given by a series of blowups along canonically 
chosen smooth centers. As pointed out in Remarks 4-1-1 in [Mj, since the blowups are 
canonical, Z^^'^ has a natural G-action and Z'''^^ — )■ Z will be G-equivariant. Apply this on 

de / 

our case by setting Z = clos^^yi-^Y , then we have an equivariant morphism vr : — )■ Z . 

First of all, since Y is smooth, vr is an isomorphism away from Sing(Z) (1 Z — Y . 
That implies the equivariant immersion Y ^ Z lifts to an equivariant immersion Y ^ 
Z"^^^ and closures y = Z'^^^ . Moreover, Z"^^^ is projective because vr is projective and Z is 
projective. By Proposition 14. 13^ Z^"^" can be equivariantly embedded into P(y) for some 
G-representation V . Hence, we have Y Z'^^'^ ^ ¥{V) such that closp^y^y = Z^'^^ is 
smooth. 

(2) Since f : Y ^ U is projective, by Proposition 14.131 there exists an equivariant 
immersion i' : Y ^ U x ¥{V') for some G-representation V' such that / = vri oi'. Consider 

def 

U X ¥{V') as an invariant open subscheme in X x P(y') and let Z = closxxP(y)^' 
canonical resolution of singularities as above, we have an equivariant projective morphism 
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^res _^ 2j , By considering 

we know that Z^^'^ — )■ X is equivariant and projective. By Proposition 14.131 there exists 
an equivariant immersion Z''^'^ ^ X x ¥{V) for some G-representation V. Again, the 
equivariant immersion Y Z hfts to y ^ Z^'^'^ and we have Y Z^'^'^ ^ X x F{V) 
where closxxP(y)^ = ^^"^^ is smooth. Consider the following commutative diagram : 

^res ^ X X P(y) 

; \ 

Z ^ X X F{V') X. 
Consider its restriction over U. Then, we obtain the following commutative diagram : 

i \ 

Z\u = Y ^ U X F{V') U. 

That gives us an equivariant closed immersion i : Y ^ U x ¥{V) such that the closure 
closxxP(V)^ = ^'•es jg g]2;iooth. Moreover, the composition vri o i is given by 

Y ^ Z^'^^'lu ^ Z\u = Y ^ U X F{V') U, 

which is TTi o i' = /. □ 



In order to prove the (FGL) property , we need some reduction of arguments, which 
requires the following special type of pull-back. 

Let ^ : X — 7> Y\ - P"' be a G-equivariant morphism where X € G-Sm is equidimensional 
and the G-action on HilP'"^ is trivial. We are going to define tp* : Ucdli^"'') ~^ ^g(^)- 
Our proof is basically the equivariant version of Lemma 6.1 in |LePj . Let Q be the group 
scheme Y\j^GL{ni + 1) which acts on Hi^"' naturally. We consider Q as a variety with 
trivial G-action, so Q is in G-Sm. 

Lemma 4.15. Let f : Y ^ Y\i^"'^ ^ projective morphism in G-Sm such that Y is 
G -irreducible. 

(1) There exists a non-empty open suhscheme U{ilj,f) C Q such that, for all closed 
points /3 G U{ip,f), the morphisms (3 ■ ip and f are transverse. 

(2) For any two closed points /3,/3' E U{ip,f), we have 

[X Xfs.^Y^X] = [Xx^,.^Y^X] 
as elements inlAQ{X). 

Proof. (1) First of aU, /3 • ■(/' is G-equivariant because j3 : Hi^"' ~^ Yli^""' is trivially 
G-equivariant. Define a map Q x X ^ Ili^"' W il^i^) 1^ ' i^i^), which is clearly 
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G-equivariant. In addition, since Q acts on Hi^"' transitively, the map 

i 

is surjective [T^X means the tangent space of X aX, x). Since the domain and codomain are 
both smooth, by Proposition 10.4 in Ch. Ill in |Haj (chark = 0), the map Qx X ^ HiP"' 
is smooth. That imphes [Q x X) xj-j pn; Y is smooth. 

Let {Q X X) X]-[ y — > Q be the projection. If a closed point /3 G Q is a regular value, 
then {{Q x X) Xj-j pn^ Y)p = X x^.^ Y is smooth and 

dimX Xp.^Y = dim(((5 x X) x-Q^p^i Y)^ 

= dim((5 X X) X]-[ prii y — dimQ 

= dim Q X X + dim Y - dim JJ P""' - dim Q 

i 

= dimX + dimy-dim]JP"\ 

i 

In other words, / and /? ■ ■0 are transverse. Hence, the open set U{'il^, f) we want is just the 
set of regular values of(Q x X) Xj-^ pn^ Y ^ Q. 

(2) Consider the following commutative diagram : 

{Q X X) xjj^pn^Y >QxX > Q > 

III I 

{U X X)xyi^ pn, Y > U X X > U'^= Qn > A^ =^ line through /3, (3' 

where the group scheme Q = • GL{ni + 1) is considered as an open subscheme of A^ for 
some large N (trivial G-action on A^). Notice that [/ is a non-empty open subscheme of A^. 
All maps in the diagram are trivially G-equivariant. The morphism (Q x X) x-q pn^ Y 
Q X X is projective because it is an extension from /. By using a smaller U (as long as 
U C U{'4j^f)), we can assume the projection map 

{U xX) XYi^fn.Y 

to be smooth. Hence, {U x X) xj-j pn^ Y is smooth. Notice that the fibers are 

{{U X X) X]-[^pni Y)p = X xp.^ Y. 

Denote the map 

Z =^ {U xX)xYi^ pn, Y xX 

by g. Then, g \s a, projective morphism in G-Sm. In addition, Z is equidimensional be- 
cause U is equidimensional and Z ^ U is smooth. By Proposition 14. 14^ there exists a 
G-equivariant closed immersion i : Z ^ (U x X) x ¥(y) for some G-representation V such 
that g = TTi o i and the closure of Z in (F^ x X) x F(y) is smooth. Let us denote this 
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closure by Z . Thus, we obtain a projective morphism Z — > P x X ^ X in G-Sm such 
that the fibers of Z over /3,/3' € P"^ agree with the fibers of Z over namely Zp = Zp, 

and Z ^1 = Zpi. Since /3,/3' can be considered as G-invariant divisors on P^ and they are 
G-equivariantly linearly equivalent, we have ~ Z pi , as G-invariant divisors on Z. Hence, 
by GI)Pi?(l,l), 

\X xp.^ Y ^X] = \Zp^X] = \Zp, -^X] = [X xp..^ Y ^ X]. 

□ 



We will define the special pull-back V'* : Z/^cdli^"') ~^ ^ai-^) sending the element 
[/ : y ^ Hi IP"'] to [X xp.^Y ^ X] with p G [/(^, /). Its well-definedness is given by the 
following Lemma. 

Lemma 4.16. Sending [f : Y Yli^"'^] i-^ ^i3-xp Y ^ X] defines an abelian group 
homomorphism from l^ciYli^^') to Uq{X). 

Proof. This proof is roughly the same as the proof of the well-definedness of c^{C). We 
need to show it respects GDPR. This can be achieved by using the fact that the choice of 
(3 in the group Q is generic which is similar to the generic choice of H in P" in the other 
proof. 

As before, let Q be the map corresponding to a GDPR setup 4> '■ ^ ^ Wt IP"' with 
G-invariant divisors A\, . . . , An, Bi, . . . , Bm on Y . Consider the following commutative 
diagram : 

Y' Y x^^^.^ X ^ Y 

X n^ip"' 

By picking /? € U{ip, (j)), we may assume that Y' is smooth and of dimension 

dim X + dimY - dim JJ P"^ . 

i 

Similarly, there is a non-empty open subscheme U ^ Q such that A[ {(3 ■ ipy~^{Ai) is 
a smooth invariant divisor on Y' for all f3 £ U. By taking intersection with some more 
open subschemes, we may assume A[ + ■ ■ ■ + A'^ + B[ + ■ ■ ■ + B'^ is a reduced strict normal 
crossing divisor on Y' for all /? in some non-empty open subscheme U' ^ Q. The divisors 

are given by pull-back, so A'^ ^ V A'^ ^ B[^ B'^. Thus, (f)' : Y' ^ X together 

with A'^, . . . , A^, S^, . . . , B'^ defines a GDPR setup over X. Denote its corresponding map 
by a'. 
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For a general term • • • C/^ • • • , 

i 

= [X X^.^(^i Xy ••• XyP^Xy •••) ^X] 

= [(X X/3.^ Ai) Xy/ • • • Xy/ {X X^.^ PD Xy/ > X]. 

= [^^ Xy, ••• Xy, (X X^.^P^) Xy, > X]. 

On the other hand, 

e'(X,...C/^..) = [A^Xy,...Xy, (P|')'xy,...^X]. 

Observe that X x^.^ = Y' xy ^ (P^)'. Hence, ^* o g = Q' . □ 

Hence, for any G-equivariant morphism ^ : X — t- P"* such that X is equidimensional, 
we obtain a special pull-back 

i 

which sends [/ : y — )• Hi^"'] t° ^^z?-!/" Y ^ X] where /3 is a closed point in Q such that 
/3 • and / are transverse. 

Now we can proceed to the proof of (FGL). Here are a few simple properties we will 
need. 

Lemma 4.17. Suppose ^/^ : X — ?• F" x is a morphism in G-Sm such that X is equidi- 
mensional. Denote the sheaves ir^Opn^l), TT20pm[l) and 7rJ'Opn(l) <8> 7r2Cp™(l) by O{l,0), 
0(0, 1) and 0{1,1) respectively. 

(1) // C is either 0(1, 0), 0(0, 1) or 0(1, 1), then C is nice and 

i^* o c{C) = c{'^*C) o V* 
as morphisms from Uq{¥'^ x P™) to Uq{X). 

(2) The special pull-back ip* is a UQ{Speck) -module homomorphism. 

Proof. (1) The sheaves 0(1, 0), 0(0, 1) and 0(1,1) are nice by definition. The equalities 
follow immediately from our construction. 

(2) Same reason as the usual smooth pull-back. □ 

Lemma 4.18. Suppose f : X ^ X' is a projective morphism in G-Sm and C E Pic'^(X') 
is a nice invertible sheaf, then 

/, o c{f*C) = c{C) o /, 
as morphisms from IAq{X) to Uq{X'). 
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Proof. Let [Y — > X] be an element in Uq{X) and ^ : X' — )■ P" be a morphism in G-Sm 
such that tp*0{l) ^ Then, 

c{C)of4Y^X] = c{C)[Y^X'] 

= [Y xp„ H X'] 

(fiber product via the map Y ^ X ^ X' ^ P"'). 

On the other hand, 

f,oc{f*C)[Y ^ X] = f,[YxpnH^X] 

(fiber product via the map Y ^ X ^ X' ^ P"") 

= [Y Xpn H ^ X']. 

□ 

We are now ready to prove the formal group law property (FGL) of the Chern class 
operator for nice G-linearized invertible sheaves. As mentioned before, the formal group 
law is the power series 

F{u,v) = ^ aijU^v^ G L[[ii, I)]]. 
id>o 

For nice sheaves £, G Pic*^(X), we consider F{c{C),c{M)) as a morphism from U^{X) 
to U^_i{X) given by 

Y,aijc{Cyoc{My 

where considered as elements in UfjiSpec k) via the maps 

L = a;(Spec/c) =U^iy{Speck) — ^ Z//(^(Spec A;) 

where is induced by the group scheme homomorphism 7 : G — >■ {1} (See definition of 
in subsection 13.41 We will see that this is a ring embedding in Corollarv l7.4|) . As in the 
non-equivariant theory, the Chern class operator decreases the homological grading by one. 
Since we have Uf{X) = when z < 0, the power series Xli j>o o-ijc{Cy o c{^Ay indeed acts 
finite sum for any given element in IA^{X). 

Proposition 4.19. If X is an object in G-Sm and C, M. ^ Pic'^(X) are both nice, then 

c{C<^M) = F{c{C),c{M)) 

as morphisms from lAf{X) to U^_i{X). 



Proof. Since [f : Y ^ X] = by Lemma [4.181 it is enough to prove the statement on 

the element [Ix] such that X G G-Sm is equidimensional. 
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Let Vi : ^ ^ IP" and ?/;2 : X ^ P™ be the maps such that ^10(1) = >C and ^ M. 

Let il; : X F"^ X P'" be the map defined by V'l and ip2- Then, 

ciC)[lx] = c(^*O(l,0))oV.*[Ipn^p™] 

= V*oc(O(l,0))[]IpnxP™] 
(by Lemma l4.17p . 

The same holds for A4 and C0 M. Hence, we have 

C(/: = r O C(0(1, l))[Ipn^p™] 

and 

F{c{C),c{M))[Ix] = r ° F{c{0{l, 0)), c(O(0, l)))[Ipn ^p™]. 

Thus, without loss of generality, we can assume X = P" x P'", £. = 0(1,0) and M = 
0(0, 1). Notice that the G-actions on X, C, Ad and Ix are all trivial now. Let 

: w(P" X P™) ^ ^|i|(P" X P"*) ^ X IP"") 

be the abelian groups homomorphism induced by the group scheme homomorphism 7 : 
G {1}. By Proposition 9.4 in |LeP| . (FGL) holds in the non-equivariant theory oj^,. In 
particular, 

(5) c(0(l,l))[lpnxp™] = F(c(O(l,0)),c(O(0,l)))[VxP.n] 

as elements in w(P" x P™). Observe that, for C = 0(1,0), 0(0, 1) or 0(1, 1), we have 

O c(/:)[Ipnxpm] = [Hs ^ P" X P™] = c(/:)[Ipnxpm] 

where s € H''(P" x P™, C) is a global section such that Hg is a smooth divisor on P" x P"*. 
By applying <I>-y on equation ([5]), the same equality holds in Uq{¥'^ x P™). □ 

4.4. Extending the definition. In order to extend our definition to arbitrary G-linearized 
invertible sheaves, we need to first consider the sheaf 0(1) S Pic'^(P(y)) for arbitrary G- 
representation V. In the case when G is a finite abelian group with exponent e, it turns 
out the only way to define c(0(l)), so that the property (FGL) still holds, will force us to 
invert the element e € Z. Hence, we introduce the notation 

UG{X)[l/e] =^Uc{X) ®zZ[l/e]. 

Remarks 4.20. We will explain why we cannot expect a more general definition of c{C) 
that satisfies the (FGL) without inverting the exponent of the group. Let us consider the 
following example. Suppose G is a cyclic group of order p (prime) and the ground field k 

def 

contains a primitive p-th. root of unity ^. Let V = /c— spanjx, y} with action a ■ x = 

de / 

and a ■ y = y where a is a generator of G. Let X = F(V). 
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Suppose we have defined c{0{l)) : Uq(X) — > Uq{X) such that (FGL) holds. Then, we 
will have 

c(o{p))[ix] = c{o{irnm = F^{c{o{i)mx]. 

Notice that 

F{c{0{l)),c{0{l)))[lx] = 2c(0(l))[Ix] + aiic{0{l)f[lx] + ■■■ ■ 

For any i > 2, the element 0(0(1))* [Ix] lies in U^_^{X), which is zero because the dimension 
of X is one. So, we have F{c{0{l)),c{0{l)))[lx] = 2c(0(l))[Ix]. Inductively, we get 
FP(c(0(l)))[Ix]=pc(0(l))[Ix]. 

On the other hand, consider the G-equivariant map ip : X ^ (with trivial action on 
P^) given by {x;y) i-> (x^;?/^). Then, Ox{p) — ip*Of>i{l). Hence, Ox{p) is nice. By the 
definition of the Chern class operator for nice G-linearized invertible sheaves, 

c{o{p))[ix] = [H, ^ nv)] = [G-^ nv)] 

where Hp = G (the fc-scheme of p points with free G-action). Hence, by pushing down both 
equalities to (Spec A;), we obtain 

(6) [G]=pa 

def 

where o = 7r/c^(c(0(l))[Ix]) and vr/j : X — )■ Spec A:. 

Let [Zi] — [Zq] be a representative of a € lAQ{STpech). Consider the group scheme homo- 
morphism {1} — )> G. It induces an abelian groups homomorphism 

$ : {Speck) ^j^^(SpecA;) ^ wo(SpecA;) ^ Z. 

That implies 

pmZi]-^[Z2]) = Hpa) = <^>[G]=p 

as elements in a;o(Spec/c). Since there is no torsion in a;o(SpecA;) = Z, we conclude that 
$[Zi] — $[^2] = 1. On the other hand, since the order of the group G is a prime and the 
dimension of Zi is zero, Zi = Spec At H Spec A f where the action on At is trivial and the 
action on ^/ is free. Moreover, At can be written as the product of Kt^i, where Kt^i are 
finite field extensions of k. Similarly, Z2 — Spec BtJl Spec B f and Bt = Y\j Ltj. By Lemma 
2.3.4 in |LeMoj . we have [SpecK] = [K : /cjpspccfc] as elements in c;j(SpecA;), where [K : k] 
denotes the degree of the field extension. Hence, 

(7) 1 = ^>[Zi] - ^Z2] = [Kt,i : k] + $[Spec^/] - ^ [Lt,j : k] - ^>[SpecB;]. 

« j 
Let us consider an G-irreducible component W of Spec^j. It can either be Specif with 
free action, or the disjoint union of p copies of Spec-ff with G permuting them. In the first 
case, 

^W] = ^>[SpecK] = [K : k] = [K : K^][K^ : A;] = p[K^ : k]. 
In the second case, 

^W] = ^>[Spec nr=i K] = p[K : A;]. 
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Either case, p divides $[Ty]. Hence, p divides ^[SpecAj]. Similarly, p divides $ [Specify]. 

Now, if we apply the fixed point map J-" : ZYg(Specfc) — )■ a;(Specfc) on equation ([6]) (see 
section [7] for details) , we obtain 

= T[G] 

= T{p{[Zi]-[Z2])) 

= piTm)-T{[Z2])) 

= p ( [Spec At] - [Spec Bt] ) 

= p{^[Kt,i:k]-Y,[Lt,r-k]). 

i 3 

That implies 

(8) d = Y,[Kt,:k]-Y,[Lt,r-k]- 

i 3 

Combining equations d?]) and ([8]) and the fact that p divides <I>[Specylj] and $[Speci?j], we 
get a contradiction. 

Hence, it is impossible to define c(0(l)) as an operator on Uq{X) such that (FGL) 
holds. It can also be seen in this example that the natural definition of 0(0(1)) [Ix] should 
be {l/p)[Hp ^ X], as an element in Ug{X)[1/p]. 



In order to simplify the calculation, we need a condition on G and k such that any 
irreducible G-representation will be of dimension 1. 

Definition 4.21. We will say that the pair {G,k) is split, if the group G is finite abelian 
with exponent e and the field k contains a primitive e-th root of unity. 

Lemma 4.22. // the pair (G, k) is split, then any irreducible G-representation has dimen- 
sion one. 

Proof. Recall that we are assuming char k = 0. We can easily see that when (G, k) is split, 
we have k[G] —Y\ ^- The result then follows. □ 



For the rest of this subsection, we assume that the pair {G,k) is split. In this case, we 
can extend our definition of the Chern class operator to arbitrary G-linearized invertible 
sheaves. In order to preserve the (FGL) property, we would like to define c(£) by the 
following formula : 

Fi/"(F-(c(r g)7W),c(M))) 

where Ai is in Pic'^(X) such that £^ (S) A4 and Ai are both nice (recall that £^ means C'^'^ 
and F^/^{u) is the operation "division by e" in formal group law, see subsection 14.21 for 
details). We need the following two Lemmas for its well-definedness. 
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Lemma 4.23. For any C G Pic {X), there exists an invertible sheaf M € Pic (X) such 
that ® M. and A4 are both nice. 

Proof. Let us first consider the case when X = ¥{V) where y is a G-representation and 
C = 0(1). By Lemma 14.221 X = Proj k[xo, . . . such that, for all i, /c— spanjxj} is a 

def 

1-dimensional G- representation. Let Y = Proj k[yQ, . . . with trivial action and 

ip : X = Proj k[xo, . . . , x„] Proj k[yo, ...,yn]=Y 

be the morphism corresponding to the /c-algebra homomorphism k[yo, . . . , y„] k[xo, ■ ■ ■ , Xn] 
defined by yi x^. Since e is the exponent of G, the map tp is G-equivariant. Observe that 
this map can also be considered as an e-uple embedding followed by a linear projection on 
some G-invariant open subscheme. Hence, we have iP*Oy{^) — Ox(e). In other words, the 
sheaf Ox{e) is nice. 

For general X G G-Sm and C € Pic'^(X), by Proposition 14. 14] there exists an equivariant 
immersion ip : X ^ P(y). For large enough m, the sheaf C ip*0{rn) will be very ample. 
By embedding P(y) into some larger P(y'), we can assume m = 1. Since C 1^*0(1) is 
very ample and G- linearized, by Proposition 1.7 in [MuFoKi] . there exists an equivariant 
immersion tp' : X ^ F{V") such that ^'*C'(1) = C (g) ip*0{l). Hence, we have ip'*0{e) = 

(g) 1^*0(6). Then, the result follows because ip*0{e) and ip'*0{e) are both nice. □ 

Lemma 4.24. For any two sheaves M, M' € V\c^{X) such that M, M' , ® M and 
M' are all nice, we have 

F^I^{F-{c{C^ ® M), c{M))) = F^'\F-{c{C^ M'),c{M'))) 

as homomorphisms from lAG{X)[l/e\ to hlG{X)[l/ e]. 

Proof. By the fact that all sheaves involved are nice and Proposition 14.19] we have 

F{c{C^ ® M),c{M')) = c{C^ ®M®M') = F{c{C^ ® M'),c{M)). 
That implies 

F-{c{C^ 0M),c{M)) = F-{c{C^ ®M'),c{M')) 
F^I^{F-{c{C^ ®M),c{M))) = F^'^{F-{c{C^ ®M'),c{M'))). 

□ 

Definition 4.25. Assume the pair {G,k) is split. Suppose X is in G-Sm and C is in 
Pic'^(X). We define the abelian group homomorphism c{C) : U^{X)[l/e] U^_^{X)[l/e] 
by the following formula : 

c{C) '^^ F^/^{F-{c{C^ (g M),c(M))) 
where Jvi is in Pic'^(X) such that /^^ <8> A1, Jvl are both nice. 
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Remark 4.26. Suppose C, G Pic^(X) is nice. In this new definition, we can pick M. to be 
L. Then, 

F^I\F~[c[L' ® £), c(£))) = F^I'[c[L')) = c{C). 

That means the new definition is indeed a generahzation of the definition of the Chern class 
operator for nice G-linearized invertible sheaves. 

Suppose X is an object in P and C € Pic'~'(X). Then we have two definitions of the 
Chern class operator (as operators on Ug{X)[1 / e\) , given by the first and second approach. 
The last part of this section is to show that they agree. 

Lemma 4.27. Suppose X is an object in T> and C, A4 are sheaves in Pic'^(X). Let 
TT : X — > X/G be the quotient map. Then, we have 

For any two sheaves £, G Pic (X/G), we have 

7T*{C0M) ^ {7T*C) {tT*M). 

In other words, descent and ascent both commutes with tensor product. 

Proof. The second statement follows from a basic property of pull-back. For descent, 

(Since X X/G is a principle G-bundle, there is a one-to-one correspondence 
between Pic'^(X) and Pic (X/G) given by vr* and vr^,(— ) .) 

□ 

Suppose the pair {G,k) is split, X is an object in V and £ G Pic'^(X). Denote the 
corresponding Chern class operator defined by the first approach by c'{C), i.e. 

c'{C) = ^ o c(7r*£^) o 

fTomUG{X)[l/ e] to UG{X)[l/e]. Also denote the corresponding Chern class operator defined 
by the second approach by c"{C), i.e. 

c"{C)[Y ^X] = [Y xpn H ^X] 

when C is nice (see subsection 14.21 for details), and for general C G Pic*^(X), 

c"{C) = F^/'{F-{c"{C^ M),c"{M))) 

from UG{X)[l/e] to UG{X)[l/e] where M is in Pic'^(X) such that ® M, M ave both 
nice. 
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Proposition 4.28. For any X and C G Pic (X), we have 

c'{c) = c"{j:) 

as group homomorphisms from l/(G{X)[l/e] to UG{X)[l/e]. 

Proof. If £ G Pic'^(X) is nice, then there is an equivariant morphism -0 : X — t- P" such that 
^ C. By definition, 

c"{C)[f -.Y ^ X] = [Y xpn H ^ X] 

where is a hyperplance in such that y xpn is an invariant smooth divisor on Y. 
Let s G H°(P"', 0(1)) be the global section that cuts out H. Then, Y Xpn H is cut out 
by the invariant global section (■0 o f)*s G ii^{Y, f* C)'^ . On the other hand, by remark 
14.31 c'{C)[Y — >■ X] can also be given by the divisor cut out by any invariant global section 
s' G 11*^(1", f*C)^ as long as the divisor is smooth. Hence, c'{C) = c"{C) when C is nice. 

For general C G Pic^(X), let F^/%u) =^ J2i>ibi u' and F-{u,v) =^ Ej,fc>oCifc u^v''. 
Then, we have 

c"(£) = F^/^{F-{c"{C'^M),c"{M))) 

i j,k 
i j,k 

(the two definitions agree for nice sheaves) 



= ^ o (^ 6i (^ cjk c{7T,{C' (g) Mfy c(7r,7W^)'= f) o 

i j,k 

= ^ o Fi/^(F"(c(7r,(r ® Mf), c{7r,M^))) o 
= ^ o F^/%F~{c{{7r,C^y ^ 7r,M^),c{TT,M^))) o 

(by Lemma K27]i 
= ^' o c(7r*£'^) o ^--1 

(because (FGL) holds in oo{X/G) ) 
= c'(£). 



□ 
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5. More properties for Uq 

In this section, we will state and prove some more basic properties in our equivariant 
algebraic cobordism theory Ug^ equipped with the Chern class operator for nice G-linearized 
invertible sheaves. Some properties are related to the Chern class operator. In that case, 

def 

we will also prove them in the theory hlG[^/e\ = IAg <8iz Z[l/e] for arbitrary G-linearized 
invertible sheaves assuming that the pair (G, k) is split (recall that e is the exponent of G). 
The non-equivariant version of these properties can be found in jLeP] . 

At this stage, we have established projective push-forward (Dl), smooth pull-back (D2), 
Chern class operator (D3) and external product (D4). For convenience, we will briefly 
recall here some of the properties already shown in section [3l 

(Al) li f : X ^ X' and g : X' ^ X" are both smooth and X, X' , X" are ah equidi- 
mensional, then 

(9°/)* = r°5*. 

Moreover, I* is the identity homomorphism. 

(A2) If / : X — 7- Z is projective and g : Y ^ Z is smooth such that X, Y, Z are all 
equidimensional, then we have = fig'* in the pull-back square 

X XzY X 

f'l if 
Y Z 

(A3) U f : X ^ X' is projective and C G Pic'^(X') is nice, then 

/. o c(/*£) = ciC) o /, 

in the theory Ug- Moreover, if the pair (G, k) is split, then the same statement holds in the 
theory Ug[^/g] for arbitrary C G Pic^(X'). 

Proof. The first part of the statement follows from Lemma |4. 181 For the second part, 

f.oc{f*C) = f.oF'/%F~{c{f*C-(^f*M),c{f*M))) 

(for some M £ Fic'^{X') such that M, M are both nice) 

= /* ° E (E ^^•'^ <f*^' ® f*^y c{f*M)''y 

i j,k 

where bi, Cjk are coefficients for F^^'^{u), F~{u,v) respectively 

= iY,biiJ2cjkc{c^(^MyciM)''y)of, 

i j,k 

(by Lemma 14.181 and the fact that iS) M, M. are nice) . 
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Hence, 

o c{f*C) = F^/'{F-{c{C' M),c{M))) o = c{£) o U 

□ 



(A4) If / : X — 7> X' is smooth, X, X' are both equidimensional and C G Pic (X') is 
nice, then 

/* o c(£) = c(/*£) o /* 

in the theory Uq- Moreover, if the pair (G, k) is spht, then the same statement holds in the 
theory Ucl^/e] for arbitrary C e Pic'^(X'). 

Proof. Suppose that ^ : X' — )■ P" is a morphism in G-Sm such that C = ^*(!?(1). Let 
[Y X'] be an element in 1Aq{X') and H he a. hyperplane in F" such that Y Xpn is a 
smooth invariant divisor on Y . Then, 

roc{C)[Y^X'\ = riYx^^H^X'] 

= [X xx' {Y xpu H) ^ X]. 

On the other hand, 

cirC)or[Y ^X'] = cif*C)[Xxx'Y^X] 

= [{X Xx'Y) xpn H ^ X]. 

Hence, they agree. The proof for arbitrary C is similar to the proof of the similar statement 
of (A3). □ 



(A5) If C,C' G Pic'^(X) are both nice, then 

c{£) o c{£.') = c{C') o c{C) 

in the theory Ug- Moreover, if the pair (G, A;) is split, then the same statement holds in the 
theory Ucl'^/e] for arbitrary € Pic'^(X). 

Proof. Suppose that C are nice and let : X — > P" and ij)' : X ^ P"^ be the corre- 
sponding maps for C and C respectively. Then, for some appropriately chosen hyperplanes 
F C P" and H' C P™, 

c{C) o c{C') [Y ^X] = c{C) [Y xp,n H' X] 

= [{Y Xpm H') Xpn H ^ X] 

= [{Y xpn H) xpm H' X] 
= c{£')oc{£) [Y ^X]. 

The statement for arbitrary C, C € Pic'^(X) can be shown by a similar argument as 
before. □ 
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(A7) If f,g are smooth with equidimensional domains and codomains, then 

xo(r X5*) = (/X5)*oX. 

(A8) Let a, b be elements in Uq{X), IAq{X') respectively and let £ G Pic'^(X) be a nice 
invertible sheaf. Then we have 

c(£)(a) X 6 = c(7r^£)(a x b). 

Moreover, if the pair {G,k) is split, then the same statement holds in the theory Ug[^/s] 
for arbitrary £ S Pic'^(X). 

Proof. Suppose that C is nice. Without loss of generality, we can assume a = [Y ^ X] and 
b = [Y' — 7> X']. Let ^ : X — 7- P" be the map corresponding to C Then, for some if C P", 

{c{C)[Y ^ X]) X [Y' ^ X'] = [Y xpn H ^ X] X [Y' ^ X'] 

= [(Y xpn H)xY' ^ X X X'] 
= [{Y X Y') Xpn H ^ X X X'] 

(via the map Y x Y' ^ X x X' ^ X ^ 
= c{ttIJZ)[Y X Y' ^ X X X']. 

For arbitrary £ G Pic'^(X), 

c(£)(a) xb = F^/^F~{c{C^ M),c{M))){a) x b 

= (E £ ^i'^ ® ■^)' X ^ 

= C^djkciC'^My c{M)''ia)) xb 

(expand the series out and denote the coefficients by djk) 
= djk c(vri*£^ TTlMy c(7r*X)'= (a x b) 

= Y^hiY^ Cjk c{7rlC^ ttIMY c{TTlM)''y (a x b) 

i j,k 

= F'^/%F-{c{7rlC^ (g)TrlM),c{TrlM)))ia x b) 
= c(7r*£)(a X b). 

□ 
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(Dim) If £i, £2, • • • , -C^ e Pic^(X) are nice invertible sheaves and r > dimX, then 

c(A)oc(£2)o---oc(/:,)[Ix] = 0. 

Moreover, if the pair {G,k) is spht, then the same statement holds in the theory ^^'[1/e] 
for arbitrary £1, £2, • • • , £r £ Pic'^(X). 

Proof. It follows from the fact that c{C) : U^{X) U^_i{X) and U%{X) =0. □ 

(FGL) If C, C G Pic^(X) are nice invertible sheaves, then 

c{C®C') = F{c{C),c{C')) 

in the theory Uq- Moreover, if the pair (G, k) is split, then the same statement holds in the 
theory Ucil/e] for arbitrary £, CJ € Pic*^(X). 

Proof. The statement for nice C, C was proved in section [H For arbitrary C, C, 
F{c{£),c{£')) = F{F^'^{F"{c{C' ®M),c{M))) , F^'^{F~ {c{C" ® M'),c{M'))) ) 
= F^'^{F{F~{c{C^ ®M),c{M)) , F^iciC'" <^M'),c{M')) )) 
= F^'^{F-{ F{c{C^ ® M), c{C'^ ® M')) , F{c{M), c{M')) )) 
= F^I%F-{ c{C^ ®M®C'^® M') , c{M ® M') )) 
= c{C®C') 

because {C ® C'Y ® [M ® M') and M ® M' are both nice. 

□ 

6. Generators for the equivariant algebraic cobordism ring 

The main objective of this section is to prove Theorem l6.22l which gives a set of generators 
of the equivariant algebraic cobordism ring ^^.(Spec/c). To achieve this, we need to use a 
different version of splitting principle. We will assume the pair (G, k) is split in this section. 

6.1. Splitting principle by blowing up along invariant smooth centers. In this 
subsection, for a sheaf £ over Y and a map / : X — )• y, we will denote f*£ by £x if there 
is no confusion. Suppose X is a scheme over k and Z is a closed subscheme of X. We will 
denote the blow up of X along Z by Blow^^. 

The main result in this subsection is similar to the equivariant analog of Theorem 4.7 in 

m- 

Let S € G-Sm be a ground scheme. Suppose is a G-linearized locally free sheaf of rank 
N over S and ^ ^ is a rank 1 G-linearized locally free subsheaf. Recall the definition 
in section 2.1 [Klj . 
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The scheme cji^„(„4, A/") is defined as the closed subscheme of Grassmannian Gr„(A/') 
satisfying the following. A point {s^T-L) € Grn{M) (i.e. s € 5 and is a n-quotient oi N\s) 
is inside cji^„(^, A/") if the composition A\s M\s V. is zero. 

Also recall the following definition in section 3.1 in [Klj . 

Suppose X is in G-Sm and A/" is a G-linearized locally free sheaf of rank N over Spec k. 
An equivariant immersion X ^ Grr{M) is called twisted if it is the Segre product of 
an equivariant map X — >■ Gr^iMi) and an equivariant immersion X ^ lP(A/2) for some 
G-linearized locally free sheaves Mi,M2 over Specfc. 

Proposition 6.1. Suppose X € G-Sm is G -irreducible with dimension d and there is a 
twisted equivariant immersion 

X^Grr[N)^=Y 

for some G-linearized locally free sheaf Af of rank N over Spec A: (1 < r < N). More- 
over, there is a 1- dimensional character 'if) such that the dimension of the ip component 
{Spec k,J\f)^ is greater than r. Let Z GrAr_i(A/') and A be the universal subbundle 
over Z (A ^ Afz with rank 1). Then, there exists a closed point z of the fixed point locus 
Z^ , with residue field k{z) = k, such that the closed subscheme ai^riAlzj-^f) C y is smooth 
with codimension r and the dimension of X D cri^riA\z,M) is d — r. 

Proof. This statement is similar to Theorem 3.3 in |Klj . First of all, notice that 

X X Z X Z = Grr{J\f) x Z^ Grr{Nz). 

On the other hand, the subsheaf ^ ^ Nz induces ai^r{A,Nz)-, which is a closed subscheme 
of Grr{Nz)- So, we will consider ai^r{A\z^N) and X n (yi,r{A\z^N) as fibers of 

(Ti^r{AMz) ^YX Z ^ Z 

and 

{X xZ)n ai,riA,Mz) ^Y xZ ^ Z 

respectively. 

Suppose the G-representation corresponding to M is given by a /c-basis {ei,e2, . . . jCn} 
such that each a defines a 1-dimensional G-representation. Let Un be the invariant affine 
open subscheme of Z corresponding to ei, . . . , CAf-i- Then, = Spec /i;[si, . . . , SAr_i]. 
Since Z = GrN-iiAf) = P(7\AV) and dim (Spec /c,7V)^ > r + 1, without loss of generality, 
we may assume G acts on the coordinates si, . . . ,Sr trivially. In addition, it can be shown 
that A ^ Mz is defined by 

/ = I ^ Si^i I - eAT 

over f/yv- 

Let ?7i,2,...,r be the affine open subscheme of Y corresponding to ei,...,er. Then, we 
have Ui^2,...,r = Spec k[tij] where 1 < i < r and 1 < j < — r. Let {M/G, z) = {tij, Sk) be 
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a closed point in 

Spec A:[tjj, Sfc] = Ui^2,...,r x Un (^Y x Z = GrrMz- 
Then, the map A\z M ^ M /Q at this point corresponds to 

A;— span{/} ^ ©^j^A;— spanjej} (©^^^A;— spanjcj}) / /c— spanj^ri, . . . ,gi^_j.} 

where 

'^^f Isr + 1 _ 
Vi=i / 

for 1 < i < — r. The composition being zero is equivalent to / € k—span{gi, . . . ,g]y-r}, 
which is equivalent to 

def 1^'"'^ \ 

V i=i / 

for 1 < i < So, (Ti^,.(^, A/"^) is cut out by the equations hi, . . . ,hr inside ?7i,2,...,r x Ujy- 

Let z = {qi, . . . ,q7v-i) be a closed point in Un- Then, when restricted on the fiber of 
f^i,2,...,r X Un — > Un over z, the closed subscheme ai^ri^^lz,-^) H [/i,2,...,r is cut out by r 
linear equations : 

Qj+rti,j j — ij,(Ar-r) = 0, 

where 1 < i < r. So, (Ti^,.(^|2, A/") H i7i,2,...,r is smooth and of codimension r. Moreover, 
since X ^ Gr^iN) is a twisted immersion and ai^r{A\z-,J^) H t/i,2,...,r is given by r linear 
equations {hi = 0}, the scheme X n cri^r(-4|zi A/") n ?7i^2,...,r is of dimension d — r (See the 
proof of Theorem 3.3 in [Klj for details). 

Because of the symmetry of /, the only other affine open subscheme of Y we need to 
consider is C/i,...,r-i,Af- In this case, the map A\z M ^ M jQ corresponds to 

A;— span{/} ^ ©^^fc— spanjej} — )■ (©^^A;— spanjej}) / A;— span{(7i, . . . , (^Tv-r} 



where 



def 
Qi = 



for l<i<A^ — r — 1 and 

' r-l 



def 
QN-r = 



Hence, the equations that cut cTi^r(-4; A/z) out are 

^N-r-l 

def 
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for 1 < i < r — 1 and 

f N-r-l \ 

Let B be the closed subscheme of defined by the equations Sr = Sr+i = • • • = SAf-i = 
and z = (qi, . . . , qn-i) be a closed point in Un — B. Then, in the fiber of ?7i,...,r-i,Ar xUn ^ 
Un over z, the closed subscheme (yi,r{^\z-,-N') is cut out by r linear equations 

(N-r-l \ 
Qj+rti,j j + U,N-rqr = 
i=l / 

for 1 < i < r — 1 and 

(AT-r-l \ 
Qj+rUj j + tr,N-r(lr = 0. 

Since at least one of g,., • • • ,qN-i is non-zero, the linear equations {hi | 1 < i < r} are 
linearly independent. Hence, by the same reason, o■l^r{^A\z,M) n C/i,...,r-i,Af is smooth with 
codimension r and X n cri^r{-^\z,-f^) H C/i,...,r"i,Af is of dimension d — r. 

For a different affine open subscheme C/ji,...,i^_i,Ar of Y , there is a corresponding "bad" 
closed subscheme B of Un defined by the set of equations {sj = 0} where j ^ {ii, . . . , ir-i}- 
Hence, the result follows by picking z = {qi, . . . ,qr,0, ■ ■ ■ ,0) such that qi, . . . ,qr are all 
non-zero. □ 

Suppose A ^ Af are G- linearized locally free sheaves of rank 1, N respectively, over 
Spec/c. Let Y Grr~i{J\f /A) and be its universal quotient. Let /C be the kernel 
of the composition My — )• {J\f/A)Y — > ■ Define a map g : Gri{JC) — > Grr{M) as the 
following. 

For a point [y^T-L) in Gri(/C), we get an exact sequence 

where the rank of Q will be — r. Since lC\y M\y = M, we can consider M/Q, which is 
of rank r. Thus, we define 

giy,n)=^Af/g. 

Proposition 6.2. The map g : Gri(/C) Gry.{M) constructed above is equivariantly iso- 
morphic to the map corresponding to the blow up of Grr{Af) along ai^riAjM). 

Proof. This is the analog of Theorem 4.4 in |Klj . First of all, it is not hard to see that g is 
equivariant. Let X = Grr{M),Y = Gri{}C) and X = Blow ^(^j^j^^Grr{M). Also denote 



the blow up map from X to X by vr. By Theorem 4.4 in |Klj . there exists an isomorphism 
/X : X — 7- y such that go ^ = tt. So, it is enough to show /x is equivariant. Take an invariant 
open subscheme U ^ X such that g\u and 'k\u are both isomorphisms. Since g\u-,''^\u 
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are both equivariant, the map //|[/ = {g\u) ^ ° t^Iu is also equivariant. Now, a map being 



Theorem 6.3. Suppose X € G-Sm has dimension d and £ is a G-linearized locally free 
sheaf of rank r over X. Then, there exists an equivariant morphism f : X ^ X , which 
is the composition of a series of blow ups along invariant smooth centers with dimensions 
< d — r, and a G-linearized invertible subsheaf C ^ f*£ over X such that the sequence 



is exact and {f*£)/C is locally free with rank r — 1. 

Proof. Without loss of generality, we may assume X is G-ir reducible. The result is trivially 
true if d = 0, so we may assume d > 1. By Proposition 14.13^ we can embed X into 
P(A/'2) for some G-linearized locally free sheaf J\f2 over Spec A;. Denote £ Ox{m) by 
£{m) for simplicity. Assume X is projective first. Let Mi be the G-linearized locally 
free sheaf over Specfc corresponding to 'B9{X,£{m)). For a sufficiently large m, we can 
assume the induced map {Mi)x — ^ £{m) is surjective and defines an equivariant immersion 
X ^ Grr{Mi), which sends x to £{m)\x- Then, we define a twisted equivariant immersion 
i : X ^ Grr{J\f) =^ Y as the Segre product of X ^ Grr{Mi) and X ^ ¥{M2). In 
particular, M = Mi ® M2- 

By construction, i*Q^ = £{m + 1) where is the universal quotient of Y . Since dim 
H^(X, £^(m)) is a polynomial of m with degree d, we may assume there is a 1-dimensional 
character such that the ■0 component H*^(X, f (m))^ has dimension much larger than r. 

If X is not projective, we can pick Mi to be a sheaf corresponding to some finite dimen- 
sional G-representation inside l^[X^£{rn)) and construct i : X "^Y \n the same manner. 

Let A be the universal subbundle oiGr^^iiM). Let Vi, V2 and V be the G-representations 
corresponding to A/i, M2 and M respectively. Then, the dimension of the "0 component of 
Vi is much larger than r by construction. Thus, there is a 1-dimensional character il)' such 
that the dimension of the ij:' component of V is much larger than r. Hence, by Proposition 
16. H there exists a closed point z of the fixed point locus of Gr^^i^M), with residue field 
k(z) = k, such that ai^riA.\z,M) C y is smooth with codimension r and X H ai^r{A.\z,M) 
has dimension d — r. 

For such z, denote cri^r{A.\z,M) by a for simplicity. Then, we have smooth invariant 
closed subschemes X, cr of y with dimension d and dimy — r respectively. Moreover, X Da 
has dimension d — r. By applying the embedded desingularization theorem in [BiMij on 
X U a ^ Y, we obtain the following commutative diagram : 



equivariant is a closed condition. Hence, is equivariant. 



□ 



O^C^ f*£ ^ {f*£)/C^O 



X 



> Y' 



X 



> y 
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where p : Y' ^ Y is the composition of a series of blow ups along smooth invariant 
centers with dimensions bounded above by dimSing(X U cr) and f : X X is the map 
corresponding to the strict transform of X. Moreover, X U (cr) (denote the strict transform 
by ( )) is smooth and if E is the sum of the exceptional divisors on Y' , then X, (cr) and 
E will intersect transversely. Notice that since Sing(X U cr) = X D a, the dimensions of 
the smooth invariant centers are all bounded above hy d — r. In other words, / is the 
composition of a series of blow ups along smooth invariant centers with dimensions < d — r. 
Observe that X and {a) are disjoint because X U (cr) is smooth. In addition, 

i-^op-^{a) = i'-^{{a)UE) = X n {{a) U E) =XnE, 

which is an invariant divisor on X. By the universal property of blow up, there is a unique 
map J : X — )• Blow^Y such that the following diagram commutes. 

X Blow^^y 

4 



Since z is a fixed point with k{z) = k, the sheaf A\z is a G-linearized locally free sheaf of 
rank 1 over Spec k and it is naturally embedded inside M. Following the construction before. 
Let Yi Grr-i{J\f /A\z), Q^^ be its universal quotient, /C be the kernel of A/Vi — )■ 
and Y = Gri(/C). By Proposition 16.21 the equivariant map g : Y ^ Y is equivariantly 
isomorphic to q : BloWaY — )• Y. Moreover, as pointed out in (4.1) in [Klj, there is an exact 
sequence 

(9) o^£' =^ ^ <7*Q^ ^ (Q^i)y ^0 

of G- linearized locally free sheaves over Y where C is of rank 1. 
Consider the following commutative diagram : 

X — ^ Blowzy = Blowzy 

fl "i 4 

X — ^ Y Y 

On one hand, f*i*Q^ = f*£(m + 1). On the other hand, if we pull back the exact sequence 
dS]) by and then j. We got an exact sequence of G- linearized locally free sheaves over X 

^ fii*C' ^ r£:(m + 1) ^ jy*g*Q'^ ^ jV*(Q''^)y ^ 0. 

The result then follows by twisting the whole sequence by f*Ox{—fn — 1). 

□ 
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6.2. Basic structure of G-linearized invertible sheaves. In this subsection, we will 
state and prove some results about the structure of G-linearized invertible sheaves over 
some X € G-Sm. 

Lemma 6.4. For any X € G-Sm, we have 

kernel {Pic^(X) ^ Pic(X)} = Pic^(Spec A:) 
where Pic'^(X) Pic{X) is the forgetful map. 

Proof. Finding the kernel of the forgetful map is the same as asking how many G-linearizations 
can Ox have. A G-linearization of Ox can be described by a set of isomorphisms 

{a* : Ox ^ Ox \ a e G}. 

Each isomorphism a* induces an isomorphism 

a* ■.R'>{X,Ox) ^ ii\X,Ox) 

which sends 1 to some element G }i^{X, Ox)- Since = 1 (e is the exponent of G) and 
the pair {G,k) is split, is in k* . In other words, there exists a 1-dimensional character 
X such that a*(l) = xicx) for all a & G. Then, the result follows from the one to one 
correspondence between the set of 1-dimensional characters and Pic*^(Spec A:). □ 

Proposition 6.5. Suppose X E G-Sm is G-irreducible and C is a G-linearized invertible 
sheaf over X . Then, there exist an invariant divisor D on X and a sheaf Af G Pic'^(Spec A;) 
such that 

C^Ox{D)<^^lM. 

Proof. Without loss of generality, we may assume the action on X is faithful. Let C/ be a 
non-empty, invariant open subscheme of X such that the action on U is free. By Theorem 1 
in section 7 of |Muj . the geometric quotient U /G exists as a variety over k and tt : U ^ U/G 
is an etale morphism. By picking a smaller U, we may further assume U/G to be smooth. 
Let Di , . . . , Dn be some invariant divisors on X such that Di X — U for all i and the 
codimension oi X — U — Ui Di in X is at least 2. 

Claim 1 : The kernel of the restriction map Pic'^(X) Pic'^([/) is generated by 
{OxiDi)} and Pic^(Spec A:). 

Consider the following commutative diagram : 

Pic^(SpecA;) 
— ^ Pic'^(X) — ^ Pic^(f/) 

4 4 4 

Z" Pic(X) Pic(f/) > 
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where a sends "1" in the i-th position to Ox{Di), b is the forgetful map and c is the 
restriction map. 

Clearly, the third row is exact. Moreover, by Lemma [6.4t the second column is also exact. 
Then, the result follows from some diagram chasing. A 

Since the action on U is free, according to Proposition 2 in section 7 in [Mu] . there is a 
one-to-one correspondence between Fic^{U) and Fic{U/G). In particular, 7r*(>C|;7)*^ is an 
invertible sheaf over U/G. Since U/G \s smooth, there is a divisor D' on U/G such that 
-K^mu)^ ^ Ou/g{D'). Thus, we have 

- 7r*Ou/G{D') 
^ Ou{tt*D') 

{tt:U ^ U/G is etale). 

Consider the sheaf Ox[D") G Pic'^(X) where D" is the invariant divisor on X given by the 
closure of 7r*D' in X. Hence, C ® Ox{—D") will be in the kernel of the restriction map 
Pic'^(X) — > V\c^{U). By claim 1, there are integers {mj} and a sheaf M € Pic'^(SpecA;) 
such that 

C®Ox{-D")^Ox{Y,^iDi)®<M- 

i 

def 

The result then follows by defining D = D" + miDi. □ 



6.3. Reduction of towers. Next, we will define the notion of quasi-admissible tower and 
admissible tower and prove we can reduce an quasi-admissible tower into something much 
simplier. This subsection is an analog of section 7 in |LeP| . 

Definition 6.6. Suppose Y is an object in G-Sm. A morphism P — )• y in G-Sm is called 
a quasi-admissible tower over Y with length n if it can be factored into 

p = p„ ^ p„_i — ^ Pi ^ Po = y 

such that, for all < z < n — 1, Pj+i = ^{£i) where £i is the direct sum of sheaves which is 
either the pull-back of a G-linearized locally free sheaves over Y, or the pull back of Op. (m) 
for some integer m and 1 < j < i. 

In this subsection, for an object Y £ G-Sm, an invariant divisor D on Y and a G- 
linearized locally free sheaf £ over Y, we will denote £ Oy{D) by £{D) for simplicity. 
Moreover, if P ^ y is a quasi-admissible tower, then we will denote the pull-back of £ as 
a sheaf over Pj by £ if there is no confusion. 
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Definition 6.7. Suppose Y is an object in G-Sm. We will call a sheaf C € Pic (y) admis- 
sible if there exist invariant smooth divisors Di, . . . , Dj^ on Y and a sheaf € Pic'^(Spec/c) 
such that 

for some integers {ttIj}. Denote the subgroup of ^0*^^(1^) generated by admissible invertible 
sheaves by APic'^(y). Also, define the group of admissible invertible sheaves over Pj by 

APic^(P,) =^ APicG(y) + + • • • + 

Then, a quasi-admissible tower P — )■ 1" is called admissible if all sheaves involved in the 
construction are admissible invertible sheaves. 

Remark 6.8. If all the G-linearized locally free sheaves involved in the construction of a 
tower P — > y are invertible, then it is a quasi-admissible tower. 

Proof. Since 

Pic(Pi) = Pic(y) + zop, (1) + • • • + zop^(i) 

and, by Lemma 16.41 the kernel of the forgetful map Pic'^(Pi) — > Pic(Pj) is given by 
Pic^(SpecA;), we have 

Pic^(P,) = Pic^(y) + ZO^, (!) + ••• + ZC)p^(l). 

Then, P — > y is a quasi-admissible tower by definition. □ 

Lemma 6.9. Suppose Y € G-Sm is G-irreducible and £ is a sheaf in Pic'^(y). Moreover, 
£ is the direct sum of a finite number of invertible sheaves in Pic*^(y) and D is an invariant 
smooth divisor on Y . Let 

A =^ ¥{£®C(Bj[:{D))\d, 

B =^ ¥{£®C), 

C f{£(BC{D)), 

P ¥{£®C®C{D)). 

Then A, B, C are invariant smooth divisors on P, the sum of them is a reduced strict 
normal crossing divisor, A + B ^ C and 

Op{A) ^ Op{7r*D) 

Op{B) ^ {7T*C{D)y (^Or{l) 

Op(C) ^ (vr*/:)^ Op(l) 

where vr is the projection P — > y. 

Proof. The fact that A, B, C are smooth divisors on P and the sum of them is a reduced 
strict normal crossing divisor was stated in section 7.2 in |LePj . They are obviously invari- 
ant. Since vr is smooth, Op{A) = 0]!>{tt*D). Moreover, as in the proof of Lemma 7.1 in |LeP] . 
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3 i2) C P(,5 (B C (B C-{D)) is given by the vanishing of the composition of equivariant 
morphisms 

TT*C{D) ^ 7r*(^ e £ e C{D)) Op(l). 



Hence, 
Similarly, 
Then, we have 



Op(B) = Op(p(^ e £)) ^ {tt*c{d)Y ® 

Op(C) = Op(P(f e C{D))) ^ (^*£)^ Op(l). 



Op{A)®Op{B) ^ Cp(7r*L») (g) (^*£(L»))^ ® Op(l) 
^ 7r*Oy(Z))®7r*/:(L>)^(g)Op(l) 
^ 7r*/:^0Op(l) 
= Op(C) 

By remark [3.21 that implies A + B ^ C . □ 

Lemma 6.10. Suppose Y is G -irreducible and D is an invariant smooth divisor on Y . If 
¥ Y is an admissible tower with length n and Pj+i = P{(B^^iCj), then there exist an 
admissible tower F' — >■ Y of length n and quasi- admissible towers Qq, Qi, Q2, Q3 ^ D such 
that 



D' 1 V ttd' 



where P-_|_x = IF'((©j=i'Cj) © Cr{D)) and we have the following equality in IAq{Y) : 

[P' ^Y]-[F ^Y] = [Qo-^ D ^ Y] ~[Qi^D^ Y] + [Q2 ^ D ^Y]-[Q3 ^ D ^ Y]. 

Proof Let Pj+i =^ F{{®]^^Cj) ® Cr{D)). Then, we have Pj+i ^ Pi and P^+i ^ Pj+i. 
We will first construct an admissible tower 

P = P„ ^ > Pi+i ^ Pi ^ >Fo = Y 

such that Pfc = Pi+i ><p-^^ IPfc for all k > i. Since 

APic^(Pi+i) = APic^(y) + ZOp,{l) + ■■■ + ZOp,^,(l) 

APic^(Pi+i) = APic^(y) + zOp,(i) + • • • + zOp,(i) + mp^^^ii) 

and the restriction map Pic'~'(Pj+i) Pic*^(Pj+i) sends 01,^^(1) to Op-^^(l), if we write 

Pi+2 = F{eC'.,) for some C'j, G APic'^(Pi+i), then we can define Fi+2 =^ F{®C'j,) by 
considering £'j, as in APic*^(Pj+i). Similarly, for higher levels, APic'^(Pfc) — >■ APic*^(Pfc) is 
surjective and Pfc+i can be constructed. 

Next, we will construct the admissible tower ¥' ^Y and quasi- admissible tower Qo — ^ Y. 
As in the statement, P-_^i = P((©Jl}-Cj)© A'(i^)), which can be naturally embedded inside 
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Pj+i. Then, we define P^_|_i ^p.^^ for all /c > i + which is clearly admissible. The 

def 

quasi-admissible tower Qq are defined by pull-back, i.e. {Qo)j = D xy^j for all < j < n. 

By Lemma 16.91 Pi+i, P^+i and (Qo)i+i are all invariant smooth divisors on P^+i, the 
sum of them is a reduced strict normal crossing divisor and (Qo)i+i + ^i+i ~ ^'i+i- Pull 
them back to the top level, we have Qo + ¥ ^ ¥' as invariant smooth divisors on P. By 
GDPR{2,1), we have 

(10) [P' P] = [Qo P] + [P P] 

- [(QoHP) XpPi ^P] 

+ [(QonPnP') xpP^^F] 

- [(QonPnP') Xpp3 ^p] 

as elements in Uq{¥), where 

=^ p(oeo(Qo)) 
p3 p(c)0 0(-p) eo(-p')). 

We then denote (Qo n P) Xj^ P\ (Qo n P n P') x,^ ^^^^^ (Qq n P n P') Xj^ P^ by Qi, Q2 
and Qs respectively. They all clearly lie over D. Since the towers Qi, Q2, Q3 D are all 
constructed by G- linearized invertible sheaves, by Remark 16. 8| they are all quasi-admissible 
towers. Hence, the result follows by pushing down equality (fTO|) to Uq{Y). □ 

Remark 6.11. Notice that P'- = P,- for all j < i + 1. For 7 > i + 1, if we identify the 
admissible invertible sheaves over Pj-i that comes from Y to those over Pj_i and also the 
sheaves of the form 0{m) for some integer m, then P^- is defined by the exact same set of 
admissible invertible sheaves as Pj. 

Lemma 6.12. Suppose Y is an object in G-Sm and £ is a G-linearized locally free sheaf of 
rank r overY. Furthermore, there exists an exact sequence of G-linearized sheaves overY 

^ £ ^ £■ ^ £/C 

such that C and £ /L are locally free of rank 1, r — 1 respectively. Then, 

¥{£)^¥{{£/C)®C) 

as invariant smooth divisors on V{£ © C) and they intersect transversely. 

Proof. Without loss of generality, we may assume Y is G-ir reducible. W{£) and W{{£ / C)®C) 
are obviously invariant smooth divisors on P(<5 © £) and their intersection is P(£'/£). So, 
we only need to prove they are equivariantly linearly equivalent. 

Ignore the G-action first. Locally, over an affine open subscheme Ui, we have £ = 

de f 

Ren © • • • © Rcir where R = OyiUi). Similarly, C = Rfi. Let (j) : C £ he the embedding 
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of sheaves as in the statement. For simpHcity, denote ¥{£ C) by P, ¥(£) by A and 
f{{S/C) C) by B. Locally, P = Proj R[eii, dr, fi], A is defined by = and B is 

def 

defined by = 0. So, it is enough to show g = fi/(j){fi) € /C(P)* is independent of i, 

namely, fi/(t){fi) = fj/(t}{fj)- 

def 

On the intersection Ui R Uj, we can consider the ratio fi/ fj = aij G 0{Ui PI C/j)*, which 
defines the transition function of C. On the other hand, since (p : C ^ 8 \s a. morphism 
between sheaves, we can also consider the ratio (f){fi)/(f){fj) and it should be aij too. That 
means 

Hence, g is independent of i. Finally, 

_ fi _ a- fi _ a - fi _ 

□ 

The following result is an analog of Lemma 5.1 in [LeP| . 

Lemma 6.13. If X is in G-Sm and Z is an invariant smooth closed suhscheme of X, then, 
as elements in Uq{X), 

[BlowzX ^X]- [Ix] = -[Pi Z ^ X] + [F2^ Z ^ X] 

for some projective morphisms Pi, ¥2 ^ Z in G-Sm. 

Proof. Without loss of generality, X is G-ir reducible. Let Y Blow^xo(-'^ x (trivial 
action on P ). Consider the projective map y ^ X X P^ For any closed point ^ ^ in 
P^, we have [1^ — )■ X] = [Ix]; where 1^ denotes the fiber of Y over ^ as before. Consider 

def 

the fiber of Y over 0, we have Yo = AUB where A = ¥{Oz ® J^^x) (^^^ exceptional 

def 

divisor) and B = Blow^X (the strict transform of X). In addition, An B = ¥{J\r^^-^). 
Hence, 1^, A, B are all invariant smooth divisors on Y and A,B intersect transversely. In 
other words, y — ^ X x P^ defines an equivariant DPR. By Proposition 13.161 we have 

= [¥{Oz e M^z^x) ^X] + [Blow^X ^ X] - [P(OAnB OAnB{A)) ^Ar\B^X] 
= [¥{Oz®M^^x) -^Z^X] + [Blow^X ^ X] - [¥{OAnB ® OAnB{A)) Z ^ X\. 

Then, the result follows from defining Pi =^ ¥{Oz®M^Z'^x) and F2 =^ ¥(0 Ar^B®0 av^b{A)) 
and the fact that Ar\B = ¥{M^^-^) is projective over Z . □ 

Remark 6.14. We can express P2 in a different way. Consider the following commutative 
diagram : 
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nOAnB e OAnB{A)) > n^^^x) = AnB 

i i 

f{Oa e Oa{A)) > ¥{Oz e ^^^x) = ^ 

Since A is the exceptional divisor of the blowup Y ^ X X P\ we have O^(^) = Oa{-1)- 
Thus, OAnBiA) ^ OAnB{-l)- Hence, 

¥2 = P(o e o(-i)) ^ iP(AA^^^) ^ z. 

Definition 6.15. Define Z/^g(Spec A;)' to be the abelian subgroup of ^/(^ (Spec A:) generated 
by admissible towers over Spec/c. 

Remarks 6.16. If P — ?• Spec k and P' — ?> Spec /c are two admissible towers, then the product 
P X P' — )• P ^ Speck is also an admissible tower over Spec A;. In other words, ^^^(SpecA;)' 
is a subring of (Spec A;). 

Proposition 6.17. For any quasi- admissible tower ¥ ^ Y where Y is G -irreducible, there 
exist elements ai € Z^g(SpecA:)' and maps Y/ Y in G-Sm with dimY- < dimF such that 

[F^Y] = Y,a^ [Y,'^Y] 

i 

as elements in IAq{Y). 

Proof. We will prove the statement by induction on dimension of Y . We will handle the 
induction step first. Suppose dimY > 1. Let UQiY)' be the subgroup oiUQ{Y) generated 
by elements of the form [P ^ y' — )• Y] where Y' € G-Sm is G-irreducible with dimension 
less than dimY and P — ?• y is a quasi- admissible tower. So, elements in UQiY)' will be 
handled by the induction assumption. Let P — )■ y be a quasi-admissible tower. If the length 
of the tower n is 0, then we are done. Suppose n > 1. 

Step 1 : Reduction to a quasi-admissible tower constructed only by G-linearized invertible 
sheaves. 

Define the integer "total rank" as the sum of ranks of all sheaves involved in all levels. 
Also, define the integer "number of sheaves" as the number of sheaves in all levels. For 
example, the tower P(£'i) ¥{82 © £"3) — > Y has total rank = rank 81 -\- rank 82 + rank 8^ 
and number of sheaves 3. 

Assume that, for the tower P — )> y, number of sheaves is less than total rank. Then, 
there exists a sheaf f , which is used in the construction of some level Pj, has rank greater 
than 1. Notice that 8 has to come from Y because the tower is quasi-admissible. Let 
Pj = ¥{{®j8j) © 8). By Theorem 16.31 there exists a map t: : Y ^ Y , which is the 
composition of a series of blow ups along invariant smooth centers with dimensions less 
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than dimy, and a G-linearized invertible sheaf L over Y such that the sequence of G- 
hnearized sheaves 

^ £ ^ ^ (vr*^)//: ^ 

is exact and {tt*£)/ C is locally free with rank r — 1. 

Define the tower P — t- y by pulling back each level, namely Pj = Pj xy y. Then, the 
sheaves in the construction at each level of P is exactly the same as P if we identify 'k*M 
and M.. Thus, P — )■ y is a quasi-admissible tower with the same total rank and number of 
sheaves. 

Claim 1 : vr^P ^ y] - [P ^ y] lies in U(.{Yy . 

First, assume vr is given by a single blow up along some invariant smooth center Z C y. 
Observe that P can be considered as the blow up of P along P|^. By Lemma [6.13l we obtain 
the equality 

[P ^ P] - [Ip] = -[Qi ^ P|z ^ P] + [Q2 ^ P|z ^ IP]. 
Pushing them down to y, we get 

7r,[P ^ y] - [P ^ y] = -[Qi ^¥\z ^ Z ^Y] + [Q2 ^¥\z^Z^ Y]. 

Notice that the tower P|^ — ?• Z is trivially quasi- admissible and, by Remark 16.141 the 
sheaves involved in the construction of Qi, Q2 — > P|z are either of the form 0{m) or 
A/'j^^^p — ■^Z'-^Y ™ notation. That implies Qi ^ Z and Q2 ^ Z are both quasi- 
admissible towers. The result then follows from the fact that dimZ < dimX. The general 
case with more blow ups follows easily from the fact that 7r*Z//(^(y)' C ^^(y)'. A 

Hence, without loss of generality, we may assume the splitting 

0^ C^S ^ £/C 

happens in the original tower P — > y. Next, we will construct towers P, P' ^> y in a similar 
manner as in the proof of Lemma 16.101 Define 

Fi =^ ®£®C) and P^ =^ ® (^/-C) C). 

Then, by Lemma I6.12|, Pj and P^ are equivariantly linearly equivalent invariant smooth 
divisors on Pj and they intersect transversely. For each level k > i, we construct P^ by the 
same set of sheaves used in P^ to form a tower 

p =^ p„ ^ >F,^ Pi„i ^ >Y. 

def - 

Also, for each level k > i, we construct P^ by fiber product, namely, P^ = P^ Xp P^ to 
form another tower 

P' p; ^ >F'^^ Pi„i ^ >Y. 
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In this case, P ~ P' as invariant smooth divisors on P and they intersect transversely. By 
GDPR{1, 1), we have [P P] = [P' ^ P] and hence, 

[p ^ y] = [p' ^ Y] 

as elements in Uq{Y). Observe that, for each level k ^ i, the set of sheaves involved in 
the construction of P^ is exactly the same as those of P^ in our notation. For level i, by 
definition, P- = F{{®j£j) © {£/C)®C). Hence, P' y is a quasi-admissible tower with the 
same total rank as P ^ y and one higher number of sheaves. By repeating this procedure, 
we will obtain the highest number of sheaves possible : the number of sheaves is equal to 
the total rank. That means all sheaves involved in the construction of the quasi-admissible 
tower are G-linearized invertible sheaves. 

Step 2 : Reduction to an admissible tower. 

By step 1 , we may assume P — y is a quasi-admissible tower constructed by G-linearized 
invertible sheaves only. For each C € Pic'^(y) used in the construction, there is an invariant 
divisor Dc on Y and a sheaf Nc S Pic*^(Specfc) such that 

by Proposition 16.51 We can then represent such a (Weil) divisor as a linear combination of 
prime divisors {Dc,k} on Y . Let 

def 

. . . , L>jv} = {Dc^k where C is used in the construction of P — )• Y}. 

Consider U^^^Dfc as a reduced closed subscheme of Y . Apply the embedded desingular- 
ization Theorem in [BiMij on U^j^D^ y, we obtain a map vr : y ^ y, which is the 
composition of a series of blow ups along invariant smooth centers such that (u^j^Dfc) is 
smooth. Let {-E;} be the set of exceptional divisors. Since (uf=i-Dfc> = ^k=i (Dk) is smooth, 
the strict transforms {(D^)} are disjoint invariant smooth divisors on Y. Moreover, we have 

for some integers mi and all invariant divisors involved are smooth. Hence, t:* C are all 

~ ~ ~ def 

admissible and the tower P — ?• X defined by Pj = Pj xx ^ becomes admissible. By claim 
1, we reduce to the case when P — )• y is an admissible tower. 

Step 3 : Reduction to an admissible tower with Pi = P(7r^£'i) where £i is a G-linearized 
locally free sheaf over Spec k. 

By step 2, we may assume P ^> y is an admissible tower. Consider the first level 
Pi = P(0j=i>Cj). Since the sheaves Cj are admissible, we have Cj = Oyi^^ ^^jk) '^'^l-^J 
for some invariant smooth divisors Dj^ on Y and some J\fj € Pic'^(Spec/c). By lemmaEIOl 
we can twist P ^ y to P' ^ y so that P'^ = P((ejyp Cj) Cp{D)) and the difference will 
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be given by quasi- admissible towers Q ^ D. Notice that 

[Q^D^Y] = Y, [Qi ^ A Y] 

i 

def 

where {Di} are the G-components of D and Qi = Q X£)Di defines a quasi-admissible tower 
over Di. So, [P ^> y] - [P' Y] lie in U(j{Y)' . Hence, by twisting each Cj by suitable 
choices of we may assume there exists a sheaf C € APic'^(y) such that 

for all j. In other words. 

Pi = ¥{£' (g) ttISi) 

def 

where £*! = ©j TV^- is a G-linearized locally free sheaf over Spec /c. Notice that P(£'®7r^£'i) is 

def 

isomorphic to P(7r^i£'i) as equivariant projective bundles over Y. If we define P^ P(7r*5i) 

def 

and P^ = Pi xp^ P; for all 2 < i < n, then we obtain a tower ¥' ^ Y which is isomorphic 
to P ^ y. Since all the sheaves involved in the construction of P' are invertible, by Remark 
16.81 P' ^ y is a quasi- admissible tower. By applying step 2 on P' ^ Y, we obtain an 
admissible tower P — > y. Then, the result follows from claim 1 and the fact that 

Pi = p; xy y ^p(7r^^i). 



Step 4 : Finish the induction step. 

By step 3, it is enough to prove the statement in the case when P ^> y is an admissible 
tower with Pi = P(7r^£^i). Consider the second level P2 = P(©^=i>Cj). Since the sheaves Cj 
are admissible and 

APic^(Pi) = APic^(y) +ZOpj(l), 

by the same trick as in step 3, we can twist P — t- y until there exists a sheaf C G APic'~'(y) 
such that 

Cj (g) {mj) ® nlMj 
for all j. By Remark 16.111 the twisting will not affect Pi. By defining 

and pi : Pi = P(7r^£^i) — >■ P(£'i), we obtain an isomorphism 

P2 =P(£'®ptf2) =P(p1^2). 

Simiarly, we get an isomorphic quasi-admissible tower P' y and then, an admissible 
tower P — 7- y by blow ups. Thus, we have the following commutative diagram : 
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1P(^2) < Hpt£2) = iP'a < HqM£2) = P2 

I 1 I 

4-4' 4- 

Speck i Y i Y 

That handles the second level. By repeating the process until level n, we obtain an admis- 
sible tower 

Q = Qn = ^£n) y P(^i) ^Qo = Speck 

such that 

[r^Y] = [YxQ^Y] = [Q^ SpecA;][y ^ Y]. 
Step 5 : dim y = case. 

In this case, any G-linearized locally free sheaf £ over Y splits into the direct sum of 
G- linearized invertible sheaves (by direct calculation or Theorem I6.3p . Moreover, if £ is a 
sheaf in Pic*^(y), then, by Proposition 16.51 we have C = Oy{D)(^'k'^M = vr^A/". That means 

Pi = ¥{(B£j) = ¥{®TTlMj) = QixY 

def 

where Qi = P(©7V^). The same argument applies to higher levels. Hence, 

[P ^ y] = [Q ^ SpecA:][y ^ Y] 
with admissible tower Q Specfe. □ 



6.4. Generators for ZY(^(Spec k). We are now in position to prove the generators Theorem. 
First of all, we will prove that any two birational objects Y, Y' G G-Sm agree in some 
truncated theory. 

Definition 6.18. For any X € G-Sm, we define the abelian group W-'{X) as the quotient 
of hl^{X) by the subgroup generated by elements of the form [Z]\Y X] where [Z] is in 
Wfi(SpecA;)' and [Y X] is in U^{X), i.e. 

UG{X) =^ U^{X) /^^i(Spec k)'U^{X). 

Remark 6.19. Ug can be considered as a theory on G-Sm with projective push-forward, 
smooth pull-back, Chern class operator (for nice invertible sheaves) and external product. 
In this truncated theory, the formal group law becomes additive, i.e. 



c{C®M) = c{C)+c{M). 
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Proof. In section 7.3 in |LePj . the abelian group a;(SpecA;)' is defined as the subgroup of 
ti;(Spec k) generated by admissible towers (Without group action, the notions of "admissible 
tower" in |LePj and in our paper are equivalent). By Corollary 7.5 and equation 8.1 in |LePj . 
the coefficients aij used in the formal group law in the theory co are all inside ti;>i(Spec A;)'. 
Then, the result follows from the fact that the formal group law in the theory uj and the 
formal group law in our theory Uq share the same set of coefficients aij if we consider 
cj(Spec /c) ^ ^(^(Spec /c). □ 

Proposition 6.20. Suppose Y , Y' € G-Sm are both projective and G -irreducible. If they 
are equivariantly birational, then \Y] = \Y'] as elements in ^(^{Speck). 

Proof. By the equivariant weak factorization theorem (Theorem 0.3.1) in |AKMW] . there 
exists a sequence of blowups and blowdowns along smooth invariant centers to go from Y 
to Y'. So, it is enough to consider a single blowup. By Lemma l6.13t 

[Biz Y^Y]- [Iy] = -[Pi ^ Z ^Y] + [F2^ Z ^Y] 

as elements in IAq{Y). Pushing them down to ^^(SpecA;) gives 

[Biz y] -[Y] = -[¥i^ Z ^ Specfc] + [^2^ Z ^ Spec A:] 

as elements in Z//^^ (Spec A;). For simplicity, assume Z is G-irreducible. By Remark 16. 141 Pi, 
P2 — 7- Z are both quasi-admissible towers. By Proposition l6 . 1 7l [Pj — )■ Z] = ^ a [Z' Z] for 
some a € (Spec A:)' and Z' € G-Sm such that dimZ' < dimZ. Since dimPj = diml" > 
dimZ, the elements {a} are all in U^i{Specky. Hence, the element [¥{ ^ Z ^ Spec A;] 
vanishes in Z//^^ (Spec A;). □ 

Finally, we are ready to prove our main Theorem. The generators of our equivariant 
algebraic cobordims ring UQ{Speck), as a L-algebra, will be admissible towers over Spec A; 
and some "exceptional objects". For an integer n > and a pair of subgroups G ^ H ^ H', 
since G is abelian, we can write 

H/H' ^Hix-- - xHa 

where Hi is a cyclic group of order Mj p™' for some prime pi. Let Oj be a generator of 
Hi. Define a {H/H')-action on Proj k[xQ, . . . , Xn, vi, . . . ,Va] as the following. First, H/H' 
acts on xq, . . . , x„ trivially. Then, for all i, the subgroup Hi acts on Vi by Oj • = ^jWj for 
some primitive Mj-th root of unity ^j. For all j ^ i, the subgroup Hj acts on Vi trivially. 

Lemma 6.21. There exist homogeneous polynomials gi, . . . ,ga € k[xQ, . . . , x^] with degrees 
Ml , . . . , Ma respectively, such that the projective variety 

Proj k[xo, ...,Xn,Vi,...,Va\/ (vf^' - 51, ... , vf" - go), 

is smooth and has dimension n. 
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Proof. Let U be the open subscheme U"_gD(a;j) of Proj k[xQ, . . . ,Xn,vi, . . . ,Va 1. For 1 < 
i < a, let tl^i : U ^ F^' be the (if/ff')-equivariant map sending {xq; . . .; Xn', f i; . . . ; Va) to 

(^Mi Mi-l .^Mi Mi-. 

(the first A'^j — 1 coordinates run though ah degree Mj monomials given by xq, • • • , x^). By 
LemmaSSl there exist hyperplanes Hi C such that [/ XpiVi i^i XpiVj XpJVa • • • XpiVa Ha 
is smooth and has dimension n. The result then follows by observing each H^ defines a 
homogeneous polynomial gi with degree Mj and 

[/ Xpjv, Hi XpiVa if2 XpiVg • • • Xpiv, Ha = Proj k\xo, ...,Xn,Vi,...,Va]/ (f f^' -^1, ■ ■ ■ , f^a^" "^a)- 

□ 

Pick gi, . . . ,ga as in Lemma l6.2f [ Let X be the projective variety 

Proj k[xo,...,Xn,Vi,...,Va]/ (uf^' - gi,..., Va" - go)- 

Then, X is in [H / H')-Sm. Fix a set of representatives {/3j} oiG/H. The exceptional object 
En,H,H' is defined as x X such that for all a € G and {f3j,y) G En^H.H', 

a • (/3fc, 7 • y) 

where /3fc € G/H and j & H are uniquely determined by the equality a/3j = /?fc7- We will 
see that the element [EnM,H'] G Z^g(SpecA;) is independent of the choice of {gi}- 

Theorem 6.22. // the pair {G,k) is split, then W^(Specfc) is generated by the set of ex- 
ceptional objects {E„,^H,H' \ n > and G ^ H ^ H'} and the set of admissible towers over 
Spec/c as a "L-algebra. 

def 

Proof. Let S* be the set of generators mentioned in the statement, i.e. S = {[En,H,H'], [IP]}- 
Consider the following diagram of abelian groups : 

(Speck) 

Pn 

i \ 

(Speck) --^ U^(Speck) mS] 

Our goal is to prove S gives a set of generator of UQ(Speck) as L-algebra. It is obviously 
enough to show that P„ = for all n. Suppose we have shown that Pq = Pi = ■ ■ ■ = Pn-i = 
0. Then, since U'^ (Speck)' is a subgroup of L[5] and 

n 

(U^i(Speckyu^ (Speck)) nU^(Speck) = (Spec k)' U^_i(Spec k) , 

1=1 

the homomorphism Pn is well-defined and the diagram is commutative. In addition, P„ = 
will imply P„ = and Pq, Pq agree. So, it is enough to show that P„ = for all n. 

Suppose n > and [Y] £ (Speck) is G-irreducible. Assume Y is irreducible and 
the G- action is faithful first. Let G = Gi x • • • x Ga where Gi is a cyclic group of order 
Mi Pi"^ for some prime pi and be a generator of Gj. 
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Claim 1 : 

k{Y) = k{xi,...,Xn)[Xn+l,Vl,...,Va\/ {f,V^^ -gi,...,V^'' - Qa) 

for some /, gi G k[xi, . . . , a^n+i] such that the G-action on Xj is trivial, Gj acts on Vi trivially 
\i i ^ j and Ui ■ Vi = ^iVi where ^ € /c is a primitive Mj-th root of unity. 

Denote the function field k{Y) by K. Since the G-action on Y is faithful, the degree 
of the extension K/K^ is equal to the order of G and it is a Galois extension (separable 
because chark = 0). Let Ki be the subfield of K consists of elements fixed by Wj^^Gj. 
Then, K = Ki ■ ■ ■ Ka, the intersection of any Ki Kj is and the extension Ki/K^ is 
Galois with Gal[Ki/K^) ^ Gi. 

Since the dimension of the scheme Y/G is n, the field k{Y/G) = has transcen- 
dence degree n over k. So, there is an element / € k[xi, . . . ,Xn+i] such that = 
k{xi, . . . ,Xn)[xn+i]/U)- Consider Ki as a Gj-representation over KG. Since the pair 
{Gi^K^) is split, Ki can be written as direct sum of 1-dimensional Gj-representations over 
K^ . Then, the action of a, on at least one of the Gj-representations is given by ^j. Let hi 
be a generator of such representation. Since 6*^' is fixed by Gj, it is in K'^ . Denote it by 
Qi. Without loss of generality, gi G /c[xi, . . . ,x„+i]. Consider the polynomial 

v'^^-gi= \{{v-ehi)^KG[v]. 

j=0 

It is irreducible because if j < Mi, then a does not fix bj, hence bj ^ K^. Since v^"- — gi 
has degree Mi, the field Ki has to be generated by 6j. In other words, 

Ki = k{xi, Xn)[Xn+l,Vi] / (/, vf"'' - gi). 

Also, the G-action on Vi corresponds to the G-action on hi, which is exactly as the one 
described in the statement. A 



Let 



and 



Y' =^ Proj k[xo, Xn+l,Vi, ...,Va]/ if, v^^^ - 51, ... , v^'" - go) 



P' 'W Proj k[xo, Xn+l,Vi, ...,Va] 



where /, gi € k[xQ, . . . ,Xn+i] are homogeneous polynomials with degree d and Mi respec- 
tively, the G-action on Xi is trivial and the G-action on vj are the one described in claim 
1. For simplicity, we will denote P' simply as Proj fc[a;, 'i;]. By claim 1, Y' is equivariantly 
birational to Y. By applying the embedded desingularization theorem [BiMij on Y' ^ P' , 
there is a commutative diagram 

{Y') > P 

i i 
Y' > P' 
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where (Y')-> ^ both in G-Sm. Since {Y') is smooth and equivariantly birational to Y', 
by Proposition 16.201 we may assume {Y') = Y. Moreover, since P — >■ P' is projective, by 
Proposition l4.13l there exist free variables i/q, . . . , Um with G-actions and a set of polynomials 
{h} C k[x,v,yQ, . . . ,ym\ which are bihomogeneous with respect to {x,v) and y such that 

P ^ BiProj k[x,v][y]/{h) 

and 

Y = BiProj k[x, v] [y] / (h) + (/, v^'' - 51, • • • , " - 9a). 
Define a set of indices 
J {monomial in k[x] with degree d} U JJjmonomial in k[x] with degree Mi}. 

i 

clef 

Let C = k[{cj I j S J}] be the polynomial ring generated by free variables indexed by J. 
Then, /(x) can be considered as f{cQ,x) for some cq € SpecC and similarly for gi. Let 

T' =^Proj C[x,v]/ {f{c,x),v^^ - gi{c, x) , . . . , v^" - ga{c,x)). 

If we assign a trivial G-action to SpecC, then there is an equivariant, projective, surjective 
map (j)' : T' ^ Spec C with fiber T^^ = Y' and T' is a closed subscheme of Spec C x P' = 
Proj C[x,v]. Also let 

T BiProj G[x, z;] [y] / (h) + (/(c, x), - 5i(c, x), . . . , i;^ - 5a(c, x)). 

Similarly, there is an equivariant, projective, surjective map : T — )• SpecC with fiber 
= Y and T is a closed subscheme of SpecC x P = BiProj C[x,v][y]/{h). 

Claim 2 : T is in G-Sm and has dimension dim Spec C + n. 

Without loss of generality, k is algebraically closed. Notice that T is cut out from Spec C x 
P, which is smooth and has relative dimension n+a+1 over SpecC, by the equations /(c, x) 
and vf^'- — gi{c, x). We will show that the gradients {V/(c, x), S/{vf^' — gi{c, x))} are linearly 
independent and they are also linearly independent to any V/i at any closed point in T. 
Since h is in /c[x,f][y], (f)^,Vh = 0. So, it will be enough to show that the vectors 

{0*V/(c,x), (t)^V{vf' - gi{c,x))} 

are linearly independent. Over D{xj), if we denote Xk/xj by tk, then we have 

</>,V/(c,x) = i4,4-\,...,ti+^,o,...,o) 

and 

c^.Vivf^ - giic x)) = -(0, . . . , 0, , -^1, . . . , t^l^,0, . . . , 0) 

(zero except coordinates corresponding to the coefficients of gi). Moreover, over D{vj), if 
we denote Xk/vj by tk, then we obtain the same equations for the vectors 4)*Vf{c,x) and 
</>*V(fj*^' — gi{c,x)). Thus, they are linearly independent as long as (xq; • • • ;x„+i) / 0. 
Suppose X = (xo; • • • ; Xn+i) = for a certain closed point in T. Then, vi,. . . ,Va are all zero 
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too. So, the coordinate of this point is (c, 0; 0, y) € T C C x P. We then get a contradiction 
by reahzing that the map C x P ^ P ^ P' wiU send (c, 0; 0, y) to (0; 0) e P'. A 

The same argument also shows that T' is in G-Sm and has dimension dim Spec C + n. 
Notice that T and SpecC are both smooth, the map (j) is projective, surjective and has 
relative dimension n and the fiber Teg is smooth with dimension n. So, the map (j) is 
smooth if restricted in an open neighborhood of cq (because the point cq is not in the 
image of {critical point}, which is closed). Call such a neighborhood Uq. Pick a point 
ci = (cij) € SpecC such that the fiber T^^ is in G-Sm with dimension n (such point exists 
by Lemma I6.2ip . Similarly, the map (f>' : T' ^ Spec C is smooth if restricted in an open 
neighborhood of ci. Call such a neighborhood Ui. 

Claim 3 : There exists an equivariant, projective, birational map /z : T ^ T' of schemes 
over SpecC. 

The map /x is given by the restriction of the map Spec C x P — Spec C x P' which sends 
{c,x;v,y) to {c,x;v). So, it is clearly equivariant and projective. Notice that P ^ P' is 
birational. That means if rji is the generic point of P', then — > Spec rji is an isomorphism, 
i.e. Proj A;(2;*, w*)[y]/(/i*) ^ Spec A;(x*, f*) where x^, and /i^, are the dehomogenizations 
of X, V and h with respect to xq, respectively. Let r/2 be the generic point of T', as scheme 
over SpecC. Then, 

Tr,, ^ Proi C{x,,v.)[y] / {K) + {f.,Vif ' -gu,...,Vaf'^ -ga,) 
^ SpecC{x„v,)/{f,,vit^^ -gu,...,vat^'' -ga,) 
= Spec 7/2. 

That means /i is birational, as a morphism of schemes over Spec C. A 

Denote the open subscheme UoHUi C Spec C by U. Then, cp : T\ij U and cp' : T'\u ^ U 
are both smooth and fi : T\u — )■ T'\u has birational fibers (over U). Also, denote the affine 
line in SpecC connecting cq and ci by L and pick a closed point C2 € U (1 L. Consider the 
equivariant, projective map (f) : T\l L. It is smooth over UoHL. That means Sing(r|x,) is 
disjoint from the fibers Teg and Tcj. By resolution of singularities (Theorem 1.6 in |BiMij ). 
we can assume T\l is smooth (The blow ups will not affect the two fibers). Now, T\l has 
fibers and which are both smooth invariant divisors. By Proposition 14.14] we can 
extend T\i L to some equivariant, projective map T ^ where T is in G-Sm. Then, 
GDPR{1, 1) will imply 

as elements in Uq{T). Push them down to Spec A:, we got [Tc^] = [Tcj]. By applying the 
same argument on (j)' : T'\l —5- we got [T^J = [T^j]. Hence, 
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as elements in ^{^{Speck) by Proposition 16.201 and the fact that Tc2,T^2 birational and 
are both smooth. 

Because of the freedom of choice of ci = (cij), we can assume 

Y ^ Proj k[x, v] I if, vf'' - 51, ... , ^^f " - 9a) 

for any choice of f{x), gi{x) as long as the degrees of f, gi are d, Mi respectively and Y is 
smooth. Consider the equivariant map 

^l;■.W=^ Proj k[x, v] / ^ - g,, . . . ,vf'^ - ga) ^ Proj k[x] ^ P"+i. 

Then, Y can be considered as the preimage of a generic degree d hypersurface. More 
precisely, as elements in Uq{W), 

[Y^W] = c{rO{d))[Iw] = dc{rO{lMw] 

because iJj*0{1) is nice and formal group law becomes additive by Remark 16.191 In other 
words, it is enough to consider the case when d = 1. Without loss of generality, we may 
assume f{x) = Xn+i- Hence, we have 

y ^Proj k[xo,...,Xn,vi,...,Va\/ {vf^^ - gi{x),... ,vf'' -ga{x)), 

which is the exceptional object E^ q^^^. So, Pn[^] = 0. That proves the case when Y is 
irreducible with faithful G-action. 

If the G-action on Y G G-Sm is faithful, but Y is reducible, then Y = G/H x X for 
some subgroup H G and some irreducible X G H-Sm. By applying claim 1 on X with 
iJ-action, we can define G/H x X', G/H x X, G/H xP' and G/H xP m the same manner 
to obtain the following commutative diagram : 

G/H X X > G/H X P 

i i 
G/H X X' > G/H X P' 

We can also define the polynomial ring G and the C-schemes G/HxT' and G/HxT. We will 
also have G-equivariant, projective maps (p : G/HxT SpecG and (f)' : G/HxT' — )• SpecC 
such that (j) is smooth around cq and (j)' is smooth around some ci = (cij). Similarly, the 
natural map /U : G/H x T — >■ G/H x T' will also be G-equivariant, projective and has 
birational fibers over SpecG. Hence, as before, 

[Y] = [G/H xX] = [{G/H X r),J = [{G/H x T),,] = [{G/H x T'U = [{G/H x T%^]. 

In other words, we may assume 

X - Proj k[x, v] / (/, v^' -g,,...,vf^- go). 

Define ip : G/H x W ^ similarly to get the same reduction on /. We may further 

assume 

X ^ Proj k[x, v] / {v^^ _ . . . , _ g^). 
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Hence, we have Y ^ G/H y. X = ^n,J?,{i}- 

In general, if we have subgroups G ^ H ^ H' such that the (G/-ff')-action on Y is 
faithful and Y = G/H x X for some irreducible X G (H/H')-Sm, then we may assume 

X ^ Proj k[xo, ...,Xn,vi,...,Va]/ (wf^' - gi{x),.. . .vf" - ga{x)) 

for some generic gi, . . . ,ga where vi, . . . ,Va are given by H/H'. Hence, Y = En,H,H'- That 
finishes the proof. □ 

Remark 6.23. Notice that we did not use the full power of the generalized double point 
relation in our proof of Theorem 16. 221 More precisely, if we define our equivariant algebraic 
cobordism theory by imposing the extended double point relation GDPR{2, 1) alone, the 
same set of generators will still generate the equivariant algebraic cobordism ring. But, with 
the aid of the generalized double point relation, we can actually simplify the exceptional 
objects further. 

Suppose the dimension of an exceptional object En^H,H' is greater than the order of the 
group H/H' . Let 

W =^ G/H X Proj k[xo, . . . ,Xn,Vi, . . . ,Va] / - <7l, • • • , Va-1~' - 9a-l). 

Then, the invariant smooth divisor G/H x {v^^"- = ga\ = En.H,H' is equivariantly linearly 
equivalent to the sum of invariant smooth divisors G/H x {xj = 0} where i runs from to 
Ma — 1. Moreover, by the freedom of choice of {gi}, we can assume 

En,H,H' + ^ {^'^ = 0} 

i=0 

is a reduced strict normal crossing divisor. Thus, by the generalized double point relation 
GDPR{Ma,l), 

[En,H,H' -^W]=Y, [G/H X {Xi =0}^W] 
i=0 

as elements in Uq{W) ("extra terms" are always of the form [P — > Z ^ W] where P — )■ Z is 
a quasi-admissible tower and dimZ < dimP = n). In other words, it is enough to consider 
objects of the form 

G/H X Proj k[xQ,...,Xn-i,vi,...,Va]/ (ff^' - 51, . . . - 9a~l) 

instead. Similarly, we can apply the same argument to reduce En^H,H' into 

G/H X Proj k[xo, . . . , Xn-a, Vi,...,Va] = G/H X F{V) 

for some (///ff')-representation V. In particular, if the group G is a cyclic group of prime 
order, then 

[G/H X F{V)] = [G/H] [¥{V)] 
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where V is some G-representation and H can be either G or the trivial group. Notice that 
-^o,{i},{i} — G and F{V) is an admissible tower over Spec A;. Hence, only finite number of 
exceptional objects are needed to generate Z^g(SpecA;) in this case. 



7. Fixed point map 

In this section, we will assume the ground field k has characteristic and the group G is 
either finite or reductive. Notice that, as mentioned in section 1 of Ch I of [MuFoKi] . the 
notion linearly reductive and reductive are equivalent over a field of characteristic 0. 

Before proving the main Theorem, we need the following Proposition. 

Proposition 7.1. For any object X G G-Sm, the fixed point locus X'-' is smooth. Moreover, 
if X (z X^ is a closed point, then there is no non-zero normal vector in Mxo^xlx which 
has trivial G-action. 

Proof. By Proposition 3.4 in [Edj . the fixed point locus X'^ is smooth if G is finite. In the 
case when G is linearly reductive, let x E X'^ be a closed point and G{X, x) be the tangent 
cone of X at x. By the Theorem 5.2 in |Foj . we have G{X,x)^ = C{X^,x). Since X is 
smooth at x, the tangent cone C{X,x) is isomorphic to A^^.^^ = A'^ x Speck{x) where d is 
the dimension of Ox,x (G acts on k{x) trivially). The group G acts on C{X,x) linearly, so 
G{X, x)'^ = G{X'-', x) is a linear subspace. Hence, the fixed point locus X'^ is smooth at x. 

It remains to show the statement about the normal vector. For finite group G, by 
Proposition 3.2 in [Edj . we have TX'^lx = {TX\x)'^ . Moreover, the following exact sequence 
of G-representations splits : 

^ rx^u -^rx\^^ J^xo^xU o. 

Hence, there is no non-zero normal vector of X'-' which is fixed by G. 
When G is reductive, 

TX^\, ^ TG{X^,x)\o ^ rC{X,xf\o = {TG{X,x)\of ^ {TX\,f. 

Then the result follows similarly. □ 

Theorem 7.2. Suppose X is an object in G-Sm and {Z} is the set of irreducible components 
of its fixed point locus X^ . Then, sending \Y — )• X] to "^zi^^ ^x^ Z ^ Z] defines an 
abelian group homomorphism : 

J^:Ua{X)^^u:{Z). 
z 

Proof. By Proposition 17. H Z is smooth and sending \Y — > X] to x xg Z ^ Z] is well- 
defined at the level of Mg{X)+ M{Z)+. If X'-' is the empty set, then ®z oj{Z) = and 
there is nothing to prove. So, we can assume X'^ is non-empty. The strategy of this proof 
is very similar to that of the Proposition 13.91 
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First of all, it is clearly enough to show the well-definedness of J- with respect to one 
fixed component Z, i.e. Tz^X X\ = Xxg Z ^ Z]. Consider a generalized double 
point relation setup given hy (j) : Y ^ X with Ai + ■ ■ ■ -\- An ^ Bi + ■ ■ ■ + on Y . Let 
Q : TZ ^ MGiX)~^ be the corresponding map. What we need to show is 

as elements in oj{Z). 

For a general term Xi ■ ■ ■ ■ ■ ■ vulZ, 

J^zoGiXi-^-Ul---) = Tz[A, XY ■ ■ ■ XY XY >Y^X] 

= [{Ai XY ---XY PlxY ---f XxG Z ^ Y^ XxG Z Z]. 
UY^XxoZ is empty, then 7-^oa(G^„) = TzoQiGl^J = 0- 

So, we may assume Y'^Xxg Z 

is non-empty. Let {W} be the set of irreducible components of Y'^ x j^g Z and ttw : W ^ Z 
be the natural projective map. Let Q' : ^ Mq{Y)^ be the map corresponding to the 
GDPR setup given by I : y ^ y with the same set of divisors on Y . Then, 

T^w*"^ °Q'{Xi- ■ -Ul- ■ ■) = 'nw*°^w[AiXY ■■■ Xy PIxy ■■■ ^Y] 

= 7riy,[(^i Xy ••• Xy Xy •••)^ XyG ^ VF] 

= [{AiXY ■■■ xy P^xy ■■■)'^ XygW ^ Z]. 

Hence, 

w 

That means it is enough to prove 

as elements in u}(W). In other words, we may assume (j) = Ijf- In particular, X is equidi- 
mensional. For simplicity, we will denote Fz by J-". 

Within this proof, we will call a G-linearized invertible sheaf C over X "good" ii C\z 
has trivial G-action. Otherwise, we will call it "bad". We will also call an invariant di- 
visor D on X "good" ("bad") if the corresponding G-linearized invertible sheaf Ox{D) is 
"good" ("bad"). 

For a set of invariant divisors ^i, . . . , j4„, Bi, . . . , Bm on X such that j4i -1- • • • -|- An ~ 
m, we define a ring homomorphism J-' from TZ to End (oj^Z)) by the following 

rules : 
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I c{0{Ai)) if A, is good 
I 1 Ai is bad 

\ 2 if L> is bad 

where p]^ : r{0 © 0{D)) Z 



+ Af^ is good 



4 



k ' 

d+aJ 



where pi : P(0 © 0(1)) 



if Z?, Ak, D + Ak are all good 
where D Ai + ■ ■ ■ + Ak_i 
if D is good but A^, D + Aj. are bad 
if Afc is good but D, D + Af. are bad 
if D + A^ is good but Af^., D are bad 
if D, Ak, D + Aj. are all bad 

¥[0{-Ak)®0{-D-Ak))^ Z 



(pDMT 
i + {ph)M)* 

^+ip\x(pkr 

^ + iph+AjSph+A, 

3 



if D, Ak, D + Aj. are all good 

where D'^= Ai^ h Ak-i 

if D is good but A^, D + A^ are bad 
if Ak is good but D, D + A/, are bad 
if D + Ak is good but A^, D are bad 
if D, A]^, D + A], are all bad 



where pi : P(0 © 0{-Ak) © 0(-Z) - Ak)) Z 

if 1 < i,k < n. Otherwise, send it to zero. Define J^'{Yj), J-"'(VJ^) similarly by replacing 
by "i?". As shown in the proof of Proposition 13.91 c{0{D)) and p^p* commutes with 
each other. Hence, J-' is well-defined. Notice that since, in the ?7|, cases, we have 
D + Afc ~ (^1 + • • • + Ak), it is impossible to have only one of Af^, D, D + A/^ being bad. 
Thus, the definition covers all possibilities. 

Claim 1 : T'{Gn,m) = •^'(G'm,n) as elements in End(a;(Z)). 

By a similar symbolic cancelation as in the proof of Proposition 13.91 it is enough to show 
the claim in the case when A + B C . In this case. 



and 



Gil =Xi + X2- X1X2UI + YiXiX2{ui - ul) 

Gl2 = Yi. 



We will prove the claim case by case. 
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Case 1 : A, B, C are all good. 
In this case, 

•^'(G^i) = J"{Xi+X2-XiX2Ul + YiXiX2{Ul -uD) 
= ciOiA)) + c{0{B)) - c{0{A))c{0{B))p\y/ 

+ c{0{C))c{0{A))c{Om{pLpf -pLpT) 
where p\ : P(0 ®0{A)) Z 

pI : p(o e o(i)) ^ ¥{o{-B) e o{-c)) z 

pI : P(0 e 0{-B) ^ z. 

On the other hand, 

= c{0{C)). 

Thus, the difference J''(G^i) - J^'iCX^) is exactly what we defined to be H{0{A), 0{B)) 
in the proof of Proposition 13. 9| which was proved to be zero. 
Case 2 : A is good but B, C are bad. 

F'{Gl,) = c{0{A)) + 1-c{0{A))pW/ 

+ c{0{A)){2pWj: - I - pW/ ) 
= 1 

= ^'{Gl^). 
Case 3 : i? is good but A, C are bad. 

J-'(G^i) = I + c{0{B)) - c{0{B)){2) 

+ c{0{B)){2 + pW^* - I - pWb* ) 
= 1 

Case 4 : C is good but A, B are bad. 

F'{Gl,) = I + 1 - {l){2) + c{0{C)){2 + pI^c* -^-pWc) 
= c{0{C)) 

= ^'iGX^2)- 
Case 5 : A, B, C are all bad. 

J-'(G^i) = l + l-(l)(2) + (l)(4-3) 

= 1 

= ^'{gX^2)- 

That proves the claim. A 



88 



C. L. LIU 



The next step is to verify the correspondence between T and T' . To be more precise, let 
Q : TZ ^ Mg{X)~^ be the map corresponding to a GDPR setup given by + • • • + An ~ 
Bi + ■ ■ ■ + Bm on X such that Ai + ■ ■ ■ + An + Bi + ■ ■ ■ + B^ is a reduced strict normal 
crossing divisor and let T' -.IZ ^ End {uj{Z)) be the map we just defined corresponding to 
this setup. Consider the fixed point map as a map from Mg{X)'^ to uj{Z). The equation 
we are going to prove is 



(11) 



Tog(s) = F\s)[lz] 



for any element s G ■ ■ - Yj ■ ■ ■U'^ ■ ■ - Vl^ ■ ■ ■ \ power of any Xi, Yj < 1}. 
Suppose equation ([TT]) is true. Then, 



X 



^\Gl,,^n)'^Z 

(by claim 1) 
ToQiG. 



m,nli 



which is what we want. That means it is enough to verify equation (jlip . First of all, we 
need to understand the meaning of an invariant divisor being "good" . 

Claim 2 : Suppose D is a smooth invariant divisor on X. Then, D is good if and only if 
D r\ Z \s a, smooth divisor on Z. Also, D is bad if and only \i D r\ Z = Z. 
First of all, observe that 



Dr\Z = D y.x Z = D -xx X'^ x^g Z = x^g Z, 



which is always smooth. If DnZ = 0, then Oz{D) = Oz- That means it is good and Dr\Z 
is the zero divisor. 

Suppose D^^Z \s non-empty. Take a closed point x € D H Z. Notice that since the action 
on Z is trivial and Z is irreducible, the action Oz{D) is trivial if and only if the action 
on Oz{D)\x is trivial. Moreover, Oz{D)\x = Od{D)\x = Md'-^x\x- Hence, the action on 
■^D'~>x\x is trivial if and only if D is good. 

Suppose the action on Md^xIx is trivial and D D Z is not a divisor on Z. That means 
D n Z = Z, i.e. Z <^ D. Thus, we have Mz'^xlx 5 J^D^xlx- It contradicts with the fact 
that there is no non-zero vector in Afz^x\x which has trivial action (Proposition 17. 1( ) . 

Suppose D D Z is a divisor on Z. Then D and Z intersect transversely. That means 
the tangent space of X at 2; is spanned by the tangent spaces of D and Z at x, namely, 
TX\x = TD\x + TZ\x. Hence, we have Md^xIx ^ TZ\x, which has trivial action. A 
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Suppose the smooth invariant divisor Ai is good. Then, we have 

= [Af^xcZ^Z] 
= [AiHZ^Z] 

= c{0{Amz] 

(by claim 2 and (Sect) axiom in the theory u) 
= T'{X,)[Iz]. 

On the other hand, if Ai is bad, then we have Ai n Z = Z hy claim 2. In this case, 

J'ogiXi) = [Af XxG Z^Z] = [Z^Z]= T'iX,)[Iz]. 

Hence, equation (fTTj) holds for Xj and Yj. 

For Ul, if L> =^ + • • • + Afc is good, then F{Oz OziD)) has trivial action. Thus, 

Fog{Ul) = ^{0®0{D)f Z ^ Z] 
= [nOz®Oz{D))^ Z\ 

= phynM 

where p]^ : F{0 © 0{D)) Z 
= ^'{Ul)[Iz]. 

If D is bad, then ¥{Oz © Oz{D)) has non-trivial fiberwise action. That implies 

nox e Ox{D)f\z = noz e Oz{D)f = noz{D)) n noz). 

Thus, 

Fog{ul) = ^{0®0{D)f z ^ Z] 
= [¥{Oz{D))\l¥{Oz)^ Z\ 
= 2[lz] 
= J"{Ul)[Iz]. 

Hence, equation (ITT]) holds for Ul and VJ^. 

For Ul let D =^ Ai + ---+Ak _i as in the definition of J-' . There are five different cases 
to consider. 

Case 1 (Divisors D, Ak, D + Ak are all good) : 
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The action on the projective bundle P((!?2(— A^) © Oz{—D — ^a,-)) will be trivial and so 
is the projective bundle F{0 © 0(1)) above it. Thus, 

Tog{Ui) = [F{0®Oil)f x^G Z ^ Z] 

= [F{0 © 0{1)) ^ ¥{Oz{-Ak) © Oz{-D - Ak)) ^ Z] 

= pLpTIM 

{p\ as in the definition of J-') 
Case 2 (Divisor D is good but A^, D + Ak are bad) : 

That means Oz{—Ak) and Oz{—D — Ak) have the same non-trivial fiberwise action. 

If we let F : Pic^(Z) ^ Pic(Z) be the forgetful map, C2 =^ F{Oz{-Ak)) and £3 =^ 
F{Oz{—D — Ak)), then there exists a non-trivial one-dimensional character ■0 such that 
Oz{-Ak) = C2®Tp and Oz{-D - Ak) = C^^ip. So, we have 

noz{-Ak) © Oz(-D - Ak)) ^ p((/:2 ® V') e (£3 ® 0)) = P(/:2 e c-^), 

which has trivial action. Moreover, this isomorphism takes 0(1) to 0(1) © 0. Hence, the 
tower 

P(0 © 0(1)) ^ ¥{Oz{-Ak) © Oz(-I) - Ak)) ^ Z 

is isomorphic to 

p(o © (o(i) ® V)) ^ P(^2 © c-^) ^ z. 

Hence, 

Tog{ul) = [p(o(i)(g)V)up(o)^p(/:2©/:3)^z] 

= 2[¥{{C2®Cl)®0)^ Z] 
= 2[¥{0{D) ® O) ^ Z] 

= 2piyo*[iz] 

= J"{Ui)[Iz]. 
Case 3 (Divisor Ak is good but D, D + Ak are bad) : 

def def 

Similarly, we define C2 = F{Oz{—Ak)) and C3 = F{Oz{—D — Ak)) and we will have 
Oz{—Ak) = C2 and Oz{—D — Ak) = C^^il) for some non-trivial character ifj. The projective 
bundle ¥{Oz{-Ak)®Oz{-D - Ak)) is then isomorphic to P(£2©(>C3(g)V')), which has fixed 
point locus P(/:2)UP(>C3©V)- Observe that the restriction takes 0(1) over P(£2©(>C3®V')) 
to 0(1) over P(/:2)- Moreover, the isomorphism ¥{£2) ^ P(0) takes 0(1) to 0(1) © C2. 
Hence, the tower 

P(0©0(1)) -^¥{C2) z 

is isomorphic to 

P(0 © (0(1) © C2)) ^ P(0) ^ z 
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which is simply ¥{0 © C2) ~^ Similarly, the tower 

P(0 © 0(1)) ^ P(£3 © ^) ^ ^ 

is isomorphic to 
Hence, 

= [nOz®Oz{-Ak))^ Z]+2[lz] 
= [nO{Ak)®0)^ Z] + 2[lz] 

= :f'{uI)[Iz]. 

Case 4 (Divisor D -\- Ak is good but A^ are bad) : 
Similarly, the fixed point locus of 

¥{Oz{-Ak) © Oz{-D - Ak)) ^ p((/:2 V') e c^i) 

is the disjoint union of P(>C2 ® '4') and P(>C3). Also, the tower corresponding to P(£2 ® V') 
is isomorphic to P(0 © (£2 V')) ^ ^ aiid the tower corresponding to P(>C3) is isomorphic 
to P(0 © £3) ^ Z. Hence, 

Tog{Ul) = 2[lz] + [¥{0{D + Ak)®0)^Z] 

= {'i+Pl+A,yD+A*)M 

= ^'{Ul)[lz]. 

Case 5 (Divisors D, A^, D + A^ are all bad) : 

In this case, we have Oz{—Ak) = C2 ^ ip2 and Oz{—D — A^) = C3 ® ip3 for distinct 
non-trivial characters ijj2, ip3- Thus, the fixed point locus of F{Oz{—Ak) © Oz{—D — Ak)) 
will then be the disjoint union of P(£2 ® ''P2) and P(£3 C?) ip^) and towers corresponding to 
them are ¥{0 © (£2 V'2)) Z and ¥{0 © (£3 (g) ipz)) Z respectively. Hence, 

Fog{Ul) = 2[lz] + 2[lz] 

= :f'{uI)[Iz]. 

That proves equation (jlip holds for C/| and similarly for Vj^ . 

For similarly, let D Ai + ■ ■ ■ + Ak-i- In case 1, 

^ o a(f/|) = mo © O(-Afc) © 0{-D - Ak)) ^Z]= ptpfM = J"{Ul)[lz]. 
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In case 2, let £2 = F{Oz{-Ak)) and £3 = F{Oz{-D - A^)) as before. Then, 

j-og(c/|) = [p(o)np(£2ffi/:3)^^] 
= [iz] + [P(o(£') e o) ^ ^] 

In case 3, 

J'ogiUl) = [¥{Cs)U¥{0®0{-Ak))^Z] 
= [Iz] + inOiAk) ® O) ^ Z] 

= ^\Ui)[Iz]. 

In case 4, 

7-og(C/|) = [F{C2)UF{0(B0{-D-Ak))^Z] 
= [Iz] + [nO{D + A,.) ®0)^Z] 

= (1+PD+A,,PD+A,*)fe] 

= J"iUl)[Iz]. 

In case 5, 

J'ogiUi) = [F{0)UF{C2)UF{Cs) ^Z] = 3[Iz] = J"(f/|)[Iz]. 
That proves equatfon (llip holds for C/| and similarly for V^^. 

Let s, t be two terms in 

n =^ Z{Xi ■■■YyUl---V^ ■■■ I power of any Xi, Yj < 1}. 

By definition, the domain of g{st) = the domain of G{s) Xx the domain of G{t). For sim- 
plicity, we will focus on domains. By abuse of notation, we will still call it Q. Observe 
that 

HYi XX Y2^X] = [(Fi XX Y2f XxcZ^Z] 
= [Yf" XxcY^^ XxG Z ^ Z] 
= [{Yf XxgZ)xz {Y^ XxgZ)^Z]. 

def 

Hence, T{Yi xx ^2) = -^(^1) -^(^2), by abuse of notation again. Suppose s = Xi, Yj, 
Uf or Vi and t is a term in TZ such that st is also in TZ. By induction, we assume equation 
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pip holds for s and t. In that case, 

= HG{s) XX g{t) ^ X] 

= [T{g{s)xxg{t))^z] 

= [Tog{s)xzTog{t)^z]. 

On the other hand, 

T'{st)[Iz] = T'{s)oT'mz] = T'{s)[Tog{t) ^ Z] 

by induction assumption. Denote Tog{t) by Y and y — t- Z by /. By the above calculation, 

[Tog{s) Z\ = mi[lz] + m2[^ ^ Z] + m^[D r\ Z ^ Z] 

for some non- negative integers mi,m2,m3, tower P and good, smooth, invariant divisor D 
on X. 

Claim 3 : The map T o g(^s) ^ Z is transverse to f :Y Z. 

The claim is clearly true for [I^] and [P — t- Z]. So, we only need to consider the map 
[D f] Z ^ Z] where D is a good, smooth, invariant divisor on X. Recall that 

Y = Tog{X^---Ul---)=T{A^) xz---xzT{Pl) x^-- - . 

Since J-{P^) is the sum of towers and J-{Ai) = Z when Ai is bad, we may assume it only 
involves good divisors, i.e. 

T{A^,) XZ---XZ T{Bj,) xz ■■■ = Ai,n---r\Bj,n---r\Z. 

Notice that since st is in TZ, the divisor D and the set of divisors {^j^ , Bj^ ■} are 
all distinct. For simplicity, we will only show the transversality involving good divisors D, 
D'. More precisely, we will show if D, D' are good, smooth, invariant divisors on X such 
that D + D' is a reduced strict normal crossing divisor, then D Z + D' D Z is & reduced 
strict normal crossing divisor on Z. 

Since X is equidimensional, D is equidimensional. Let W be an irreducible component 
oi Z DD. Then, D G G-Sm is equidimensional, DCiD' is an invariant smooth divisor on D 
and W is an irreducible component of the fixed point locus of D. Notice that 

Ow{D n D') ^ Ox{D')\w = Oz{D')\w. 

Thus, D r\ D' is a. good divisor on D with respect to W , for all W , because D' is a good 
divisor on X with respect to Z. By applying claim 2 with X, D, Z replaced hy D, D D D', 
W respectively, D f] D' CiW is a smooth divisor on W. So, D D' f] Z is a smooth divisor 
on D n Z. Hence, D D Z and D' Ci Z intersect transversely inside Z. A 

Let {1^} be the irreducible components of Y. Notice that / is projective. So, the push- 
forward /* : uj{Y) — )> uj{Z) is well-defined. Since Y, Z are both smooth and quasi-projective. 
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the map / is a local complete intersection morphism (See section 5.1.1 in |LeMoj ) . In 
addition, the algebraic cobordism theories u and are canonically isomorphic (Theorem 1 in 
|LePj ) and, for any local complete intersection morphism g : X ^ X' with equidimensional 
domain and codomain, the pull-back g* : Q{X') Q{X) is well-defined (see definition 
6.5.10 in [LeMop . Hence, /* : uj{Z) ®iUj{Yi) ^ uj{Y) is also well-defined. 
Suppose we have shown that 

(12) T'is)[f:Y^Z] = fJ*T\s)[Iz]. 

Then, we have 

T'ist)[Iz] = T'{s)[f :¥ ^ Z] 
= fJ*T'{s)[Iz] 
= fJ*[Tog{s)^Z] 

(by induction assumption) 

= [{Tog{s))xz{Tog{t))^z] 

(by claim 3 and Theorem 6.5.12 in |LeMo| ) 



That means equation (llip holds for st G R. Hence, it remains to show equation ()12p . 
By the previous calculation, 

T'{s) = mi + 1712 p*p* + ms c{Oz{D)) 

for some non-negative integers mi, 7712, ms, smooth, projective map p : P — )■ Z and good, 
smooth, invariant divisor D on X. The equation obviously holds for the identity operator. 
For ciOziD)), 

c{Oz{D))[Y ^ Z] = [{DnZ)xzY ^ Z] 

(by claim 3 and (Sect) axiom in w) 

= fj*[Dnz^z] 

(by claim 3 and the Theorem 6.5.12 in jLeMoj ) 

= fJ*c{Oz{D))[Iz]. 

For 

p^p*[Y^Z] = [FxzY^Z] 
= M*[F^Z] 

(by Theorem 6.5.12 in [LeMoj ) 

= M*P.P*M. 

That proves equation (jl2p and hence finishes the proof. □ 
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Corollary 7.3. // X is an object in G-Sm, then sending [Y — )• X] to [Y'^ — )■ X^] defines 
an abelian group homomorphism 

T:Ug{X)^u{xG). 

Proof. Let {Z} be the set of irreducible components of the fixed point locus X'^. By 
Theorem 17.21 sending [Y X] to [Y'^ Z ^ Z] defines an abelian group homo- 
morphism Uq{X) — )• ®z^{Z). Then, the map F : Uq{X) — )• cj(X^) can be considered as 
the composition 

defined by sending 

[Y ^X] ^ ^ [Y^ XxG Z ^Z] 
z 

^ Z ^ Z ^ X^] 

z 

^ ^[Y'^ XxG Z ^ Z ^ X'^] = [Y'^ ^ X'^]. 
z 

□ 

Corollary 7.4. Suppose X is an object in G-Sm with trivial G-action. Then, the abelian 
group uj{X) = U^^y{X) is a direct summand ofUQ{X) via the homomorphism 

^,:U^,y{X)^UGiX) 

induced by the group homomorphism 7 : G — )• {1}. In particular, the hazard ring L is 
naturally a subring of the equivariant algebraic cobordism ring UQ{Speck). 

Proof. The fixed point map 

T : Ug{X) io{X^) = uj{X) ^ 

is a left inverse of the homomorphism U^-^y{X) — > Uq{X). Also, 

$^ : L ^^/|^|(SpecA;) ^ iY^lSpec /c) 

is a ring homomorphism. □ 
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